REWEIGHTING THE LASSO

PETER RADCHENKO

ABSTRACT. This paper investigates how changing the growth rate of the se-
quence of penalty weights affects the asymptotics of Lasso-type estimators.

The cases of non-singular and nearly singular design are considered.

1. INTRODUCTION
Assume that the data satisfies the following linear model:
Yi=zif+e, i=1,...,n

The errors ¢; are independent and identically distributed random variables that have mean

zero and variance o2. The parameter 3 is a vector in R? that needs to be estimated. The

covariates z; are fixed and centered, and the matrix C,, = £ >"" | ;27 is nonsingular.
Suppose A, and y are positive real numbers. Define the “Lasso-type” estimator Bn as the

minimizer of the penalized least-squares criterion,

n

d
Hy(o) = Z(Y; —zja)’ + A, Z a7,
=1

i=1
over all vectors a = (a4, ..., ). In the particular cases of v = 1 and y = 2, this estima-
tor corresponds, respectively, to the “Lasso” of Tibshirani (1996) and the ridge regression.
For general v such estimators were introduced by Frank and Friedman (1993). The limiting
behavior of the estimator En was described by Knight and Fu (2000) under certain condi-
tions on the growth rate of the weighting sequence {\,}. The present paper investigates
the asymptotics when these conditions are not satisfied.

From here on, the design will satisfy the following regularity conditions:
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(1) the matrix C), converges to a fixed matrix C,

(2) the quantity n~! max;<, (zix;) converges to zero as n tends to infinity.

In the case of nonsingular matrix C, Knight and Fu derived the \/n-asymptotics for Bn
after setting the growth rate for the weighting sequence {\,, }. They required that for some

nonnegative constant \,

)\n/nmin(l/Q,'y/Q) N )\O-

If the constant )\ is zero, then the penalty contribution is asymptotically negligible, and the
limiting behavior of the estimator Bn is the same as that of the usual least-squares estimator.

Section 2 of this paper investigates what would happen if \,, were growing at a faster
rate. Let 3% be the subvector of /3 that consists of its zero elements. Let 3* be the subector
of (3 that consists of its nonzero elements. Define BZ and B\,’; as the two subvectors of Bn that
estimate, respectively, the subvectors 3% and 3*. Knight and Fu investigated the case v < 1,
and considered the weighting sequences {),} that grow at a rate faster than n"/2 but sat-
isfy \,/n'/? — X, for some nonnegative constant )\,. They showed that the sequence of
random vectors n'/2(3: — 3*) settles down to a gaussian distribution, while n'/23* con-
verges in probability to zero. Theorem 1 refines their result. In particular, it establishes that
with probability tending to one, the random vector @ZL is exactly zero. A discussion of the
case v > 1 is given at the end of the section.

Section 3 concentrates on the asymptotics of Bn under the assumption of “nearly singular
design”. Knight and Fu investigated the limiting behavior of the estimator by considering
particular growth rates of the sequence {\,}. Their results are refined in Theorem 2, the
asymptotics in the case of other weighting sequences is investigated in the Example.

An interesting feature of the Lasso-type estimation is that for some choices of the weight-
ing sequence, the estimator Bn has components that exhibit different kinds of limiting be-
havior, and the standard techniques do not yield the complete asymptotics of all the com-
ponents. The general method for handling asymptotic problems of this kind is developed

in Radchenko (2006).
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The following notation will be used throughout the paper. For every vector 7 of length p,

let p,(n) be the shorthand for  ;_ |n;|7. Observe that for every constant c,

p~(cn) = le|"py(n).

Let ~~ denote convergence in distribution. For every two positive number sequences {a,, }

and {b, }, write a,, > b, or b,, < a, to mean b, /a, — 0.

2. NONSINGULAR DESIGN

I will assume throughout this section that the matrix C' is nonsingular. Some new nota-
tion is needed to simplify the statement of Theorem 1. Split the estimator En into the part Bfl
that estimates the zero component of the vector /3, and the part B\; that estimates the nonzero
component of 3. To make this definition precise, suppose, without loss of generality, that
the first d — k elements of the vector (3 are zero, and the last k£ elements of 3 are nonzero.
For each vector a € R? let the vector o* consist of the first d — k elements of o, and let o*
consist of the last k£ elements of «. Let A be the k& x k submatrix located in the bottom right

corner of the matrix C. Denote the vector 2 (sgn(57)|5777, ..., sgn(5)|8; ) by T*.

Theorem 1. Suppose v < 1. If n"/?> < \, < n, then
P{3 =0} — 1.

Let Z* have a k-dimensional gaussian distribution with mean zero and covariance o> A.
() If 02 < Ay < 02, then n'/2(B% — B*) ~ A1 2",
(i) If \on~Y? — Ny for some Ay > 0, then n1/2(37’: — %) ~ ATHZ = XY
(ii) If n'/? < \, < n, then n)\;l(@’; — 3*) — AT in probability.

Remark.  This result improves the stochastic bound BZ = op(n1/2) estab-

lished by Knight and Fu.

Proof. Because C' is nonsingular and \,, = o(n), the estimator 3, is consistent (see Theo-

rem 1 of Knight and Fu.) The proof is based on the fact that for each fixed «, the penalty
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part of the criterion function H,(«) is asymptotically negligible compared to the least-
squares part. Focus on vectors « that are near the true parameter (3, and write « = (3 + 9.
Express the penalized criterion function in terms of . Denote n~![H, (3 + 0) — H,(3)]
by G,(0), and let Z,, stand for n=1/23""  €;x;. The regularity conditions on the design
guarantee that the sequence of random vectors Z,, has a limiting gaussian distribution with

mean zero and covariance o2C’. As § tends to zero,

d
(1) Gu(8) = 6Cu0 =200 Zy + A=Y {83, = 0}|5,]7

j=1
d
Ay {85 # 0)sen(B)) 8,7 651 + o(1)).
j=1

The o(1) terms come from Taylor expansions of functions |3; 4+ ;|7 with respect to ¢; that
are near zero. The random criterion function G,, is minimized by the random vector gn that
is defined as the difference between B\n and (.

The random vector gn is of order 0, (1). Use approximation (1) to compare the values of

the function G,, at 9,, and at zero:

o
Y

G(0,) — G (0)

> 8, Crby + O, (n2[6,]) + Op(Ann™0,])-

Because for large enough n the smallest eigen value of the matrix C,, is bounded away

from zero, the above inequalities yield

2) gn = Op(max[n_1/2, /\nn_l]).

Without loss of generality, suppose that the first d — & elements of the vector 3 are zero,
and the last k& elements of (3 are nonzero. Let A,,, B,,, and D,, be the k x k, k x (k — d),
and d x d submatrixes of ), that are located, respectively, in the bottom right, bottom
left, and top left corners of the matrix C),. Note that A, converges to the matrix A. To

simplify the notation, let v stand for §* and let v stand for 6*. Also replace Z> by U,,
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and Z* by V,,. Let G,,(u, v) denote the criterion function G,,(6) written in terms of « and v.

Approximation (1) becomes

Gn(u,v) = v'Av =202V, + 20,0 W T*[1 + 0(1)]
+4/ Dy + 20 Bpu — 20 Y20'U, + A\on ™ p, (u).

Note that the expression in the first line of this approximation does not depend on u. Com-

pare the values én(ﬂn, Uy,) and CN}n(O, Uy) to deduce
0 > Gul(lin,0y) — Gu(0,7y)
= @, Dyl + 20, Byt, — 20" Y20 U, + A\on™ 0., ().
Handle the cross product term using bound (2):
2[0!, By, | = Op(n’1/2|ﬂn|) + Op()\nn’1|ﬂn|).

For n large enough, the eigen values of the sequence of matrixes D,, are bounded below by

a fixed positive constant. The random vectors U,, form a O, (1) sequence. Conclude that
3) (@ + A py (@) < O, (n_1/2|an|) +0p ()‘nn_lmnD'

In the case n'/2 = O()\,), the above inequality yields p.(%,) < O,(|i,|). The conver-
gence P{@,, = 0} — 1 follows from @,, = 0,(1) and v < 1. In the case n?/? < \, < n'/%,
reparametrize the problem by setting 5,, = n'/?7,,. Note that bound (2) implies 5, = O,(1).

Multiply both sides of inequality (3) by n to get
[l + X2 py (50) < Op([50]).-

Use the stochastic boundedness of 5, and the convergence A\,n"72 = oo to conclude
that P{s,, =0} — 1.

It is left to derive the asymptotics of 7,,. Concentrate first on the case A\,n~ /2 — . The
stochastic bound imposed on v,, by inequality (2) simplifies to Op(n_l/ 2). Reparametrize

the problem by setting ¢ = n'/2v. The random vector Z,,, defined as n'/20,,, minimizes the
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function G, (T, n~'/2t) over the parameter ¢. Note that 7,, = O,(1). Use approximation (1)

and the knowledge about the limiting behavior of u,, to write
Go(Up,n 2t =0t [t’At — 2tV + 22’ T + 0(1)].

This approximation holds uniformly (over t) on compacta in R*. Observe that V, has a
limiting gaussian distribution with mean zero and covariance 0?A. An application of the
Argmax theorem (see, for example, van der Vaart and Wellner 1996, Theorem 3.2.2) gives

~

By ATU[Z7 = AT,

The argument for the case n?/? < )\, < n'/? is analogous, but the penalty contribution

1/2

disappears in the limit. In the case n'/? < \, < n, reparametrize by setting ¢t = n\'v.

—-1/2

The contribution from the term n~'/“v'V, is asymptotically negligible. U

In the case v > 1, Knight and Fu derived the /n-asymptotics for B\n by taking )\, to
be of order n'/2. If \,, were growing at a faster rate, the rate of convergence of Bn would
decrease to n\,, ! by the arguments analogous to those in proof of Theorem 1. However,
unlike in the case v < 1, the limiting distribution of the vector n\,* Bn would in general be

non-degenerate.

3. NEARLY SINGULAR DESIGN

As before, assume that the sequence of matrixes C,, converges to a fixed matrix C,
but now suppose that C' is singular. Denote the “’singularity space” of C' by Lg, in other
words: C'0 = 0 if and only if § € Lg. Follow Knight and Fu, and assume that there exists
a matrix [, whose restriction to the subspace Lg is positive definite, such that for some

sequence of numbers a,, tending to infinity,
a,(C, —C) — D.
Impose a stronger regularity condition on the design:

n~'a, max(zjx;) — 0.

i<n
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Let Lp denote the orthogonal compliment to Lg. Suppose [ is the dimension of Lp; this
makes d—I the dimension of Lg. The restriction of C' to the subspace L p is positive definite;
select an orthogonal basis Y’ ... hl” in Lp, such that the coordinate form of the restriction
of C' to Lp, written with respect to this basis, is the identity matrix. Let hf . hg_l be an
orthogonal basis in Lg that makes the coordinate form of the restriction of D to Lg be the
identity matrix. For each vector a € R, let the vectors o € R! and a® € R? be defined
(uniquely) by
a= Zaf)hf%— Z afhf.
i<l j<d—l

Recall the definition of o* and o* that was given in the previous section. Let A, By, A

and B, be the matrixes that for each o € R? satisfy
a® = A + Asa”, o = Bial + Bya®.

Knight and Fu considered penalty weights of the order (n/a,,)™"(/27/2) and showed
that the sequence of random vectors (n/a,,)"/ 2(@? — [3%) settles down to a non-degenerate
distribution, while the sequence (n/a,)*/%(3F — 3) converges in probability to zero. The
following theorem refines their result by establishing that n'/ 2(35 — (%) settles down to a

non-degenerate gaussian distribution.

Theorem 2. Define b, = (n/a,)"/?, and assume b, — oco. Let (U, V) be a random vector
in R! x R, such that o= (U, V') follows the d-dimensional spherical normal distribution,

and let )\ be a fixed nonnegative constant.

() If v > 1 and X\, /b, — X, then
(nl/z(ﬁf — ﬂp),bn(ﬁf — ﬁs)> ~ (U, argmtin [|t|2 — 2Vt + 2)\0T*'Bgt}> )
(i) If y = 1 and X\, /b, — X, then

(nlﬂ(@f — 8P, b (B — ﬁs)> - (U, arg min [|t[* — 2Vt + Aopi (Aat) + ZAOT*’thD .
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(iii) If v < 1 and \,,/b) — X, then
(nl/Q(B,’f - ﬁp),bn(ﬁj — ﬁs)> > <U, arg mtin [|1§|2 — 2Vt + QAOpV(Agt)D )

Proof. The conditions of Theorem 1 imply \,/n = o(a;'), thus for each fixed «, the
penalty part of the criterion function H,(«) is asymptotically negligible compared to the
least-squares part. A standard argument implies consistency of B\n

Let (U,, V,,) be a random vector in R! x R4~ defined by

_ —-1/2 P P
U, = n E (ejzihy, ... exihy),

j<n
V, = n12a}? Z(ij;hf, LG ).
i<n
Note that the limiting distribution of o=*(U,,, V) is the d-dimensional spherical normal.
To simplify the notation, denote §° by u, and denote §° by v, thus gff and 3\5 get replaced

by u,, and v,,. Approximation (1), written in terms of v and v, has the form

Gn(0) = |ul[1+o1)] +a  v]*[1 4 o1)] + a, v/ E,v
4) —on V20 — 2020 2V

FXan ! [y (Aru + Agv) + 2T (Biu + Bav)[1 4 o(1)]].

The first two o(1) terms are defined with respect to the convergence n — o0, and the
last o(1) term is defined with respect to the convergence (u,v) — 0. Note that £, the
matrix of cross-product coefficients, settles down to a fixed matrix as n goes to infinity.
Consider the case v < 1 and take \,, = A\¢b].. Note that such choice of )\, makes the
penalty terms that are linear in u and v be asymptotically negligible compared to the cor-
responding terms in the least-squares part of the criterion function. Use approximation (4)
and the convergence (%, U,,) = 0,(1) to compare the values of the criterion function at the

minimum and at zero:

0> Gn(zs\n) = |(tn, agl/%}\n”z[l + 0, (1)] + Knpy (Ar1u+ Agv) +Op(n_1/2|(ﬁna agl/%)\n”)'
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Here &, is the shorthand for \ga,”/*n?/2=1. The fact that the expression in the last line of
the above display is non-positive implies (u,,, a, Y *T,) = O,(n~'/?). Define a new set of
variables, s = n*/2u, and t = b,v. Let (fs\n,tAn) correspond to (u,, Uy,); the established rate

of convergence implies (5, tAn) = O,(1). Write approximation (4) in the new coordinates:
Gp(6) =n~t|s]> + |t]? = 2U, s — 2Vt + py(Ast) + o(1)],

uniformly on compacta in the (s, t)-space. The limit of the stochastic process inside the
square brackets has continuous sample paths, almost all of which have a unique minimum.
The needed result follows by the Argmax theorem.

The arguments for the cases 7 > 1 and v = 1 are analogous, but can be simplified by the

fact that the criterion function is convex (see, for example, Hjort and Pollard 1993.) U

If )\, were growing at a rate slower than the rate specified by the above theorem, the
contribution of the penalty would be asymptotically negligible, and the asymptotics of the
estimator Bn would coincide with that of the ordinary least-squares estimator. The next
example illustrates what could happen if \,, were growing at a faster rate.

Example. Suppose that d = 2 and matrixes C,, are of the form

1 1—co/any
1—co/ay 1

C, =

where a,, tends to infinity, and ¢, is a positive constant. For concreteness, take v = 1/2.
Theorem 2 describes the limiting behavior of 3, when {\,} grows at the rate (n/a,)"/*:
the vector (3 gets estimated at the rate (n/a,)"/?, while the sum of its coordinates gets
estimated at the usual rate n'/2,

Increase the contribution of the penalty by setting A, = n!/%. If the limit of the de-
sign matrix were nonsingular, this choice of the weighting sequence would ensure +/n-

asymptotics with non-vanishing penalty terms (see Knight and Fu’s Theorem 3.) Sup-

pose, for concreteness, that 3; = 0 and 3, # 0. To simplify the notation, write = d;
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and £ = 01 + 02 for each vector § = (d1,02). Let én(f ,m) be the shorthand for the crite-
rion function G, written in terms of £ and 7). Define the random vectors (U, V},) as in the
proof of Theorem 2. Note that the limiting distribution of the sequence o1 (U,,, V,,) is the
2-dimensional spherical normal. Approximation (1), adapted to the Example and written

in the new coordinates, has the following form:

Gu(&n) = €+ 2coa, " n*[1+ o(1)] + O(a;, ' n€]) — 20 2€U,[1 + 0,(1)]

—29/2) 2, o gV, S g2 0 — )L+ o(1)].

The (stochastic) order terms in the first line of the above display are defined with respect to
the convergence n — oo. The o(1) term in the second line is defined with respect to the con-
vergence (£,7) — 0. For concreteness, suppose a,, < n'/? (the case n'/? = O(a,,) is only

—3/4p is then dominated by the term a,, /*n=1/2nV,.

slightly more complicated.) The term n
Let the vector (En, 7n) minimize G,,. The convergence (En, Mn) = 0p(1) follows by the usual
consistency arguments, because for each fixed vector (§,7), the penalty part of the crite-
rion function is asymptotically negligible compared to the least-squares part. Compare the

values én@n, ) and G, (0, 0) to establish

~ ~

0> GulGos i) = |G a B P[L+ 0p (D] + 07 40> + O, (2] (&, 0, *0)]).

The fact that the last expression is non-positive implies (En, an D) = O,(n=4/2).

Reparametrize the problem by setting s = n'/2¢ and t = (n/a,)"/?n, and let (5,,,)
correspond to (én, 7M,)- Uniformly on compacta in the (s, t)-space, the approximation to

the criterion function can be written as
Go(&,m) = n7Hs* = 25U, [1+0,(1)]} + 0 [O(#2) +O(a, 2 st]) + O, (|t]) +al/*[¢1/2].

Note that the terms inside the curly brackets do not depend on ¢t. Compare the values én (&, Tn)
and én(gn, 0), taking into account §,, = O,(1). Deduce that

OG{Q) + Op(|?n|) + a711/4|?n|1/2 <0.

n
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Because £, = O,(1) and a,, — oo, the above inequality implies P{#,, = 0} — 1. Use this
result to refine the last approximation to the criterion function, and then apply the Argmax
theorem to derive s,, ~ U.

Thus, the faster growth rate of the weighting sequence {\,,} does not affect the limiting
behavior of the sum of the coordinates of the estimator En, but forces the first coordi-
nate of Bn to be exactly zero with probability tending to one. Consequently, with prob-
ability tending to one, the zero coordinate of the true parameter vector (3 gets estimated
precisely, and the nonzero coordinate gets estimated at the usual /n-rate. The above ar-
guments and the established result would carry through for each sequence {\, } that satis-
fies A, > (n/a,)"/*, aslong as A\, /n = o,(a;;!). The last condition is required to establish

consistency of the estimator [3,,.
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