NONLINEAR LEAST-SQUARES ESTIMATION

DAVID POLLARD AND PETER RADCHENKO

ABSTRACT. The paper uses empirical process techniques to studyythgas
totics of the least-squares estimator for the fitting of alinear regression
function. By combining and extending ideas of Wu and Van derGees-
tablishes new consistency and central limit theorems tbit tnder only
second moment assumptions on the errors. An applicationdelieate
example of Wu’s illustrates the use of the new theorems,inggi a nor-

mal approximation to the least-squares estimator with walusgarithmic

rescalings.
1. INTRODUCTION
Consider the model where we obsegydor : = 1,...,n with
(1) yi = fi(0) + u; whered € ©.

The unobserved; can be random or deterministic functions. The unobserveat<u;
are independent random variables with zero means and fiitences. The index sét
might be infinite dimensional. Later in the paper it will peogonvenient to also consider
triangular arrays of observations.

Think of f(0) = (f1(0),..., f.(0)) andu = (uy,...,u,)" as points inR™. The
model specifies a surfacklg = {f(f) : § € O} in R*. The vector of observations
y = (y1,...,yn) isarandom point ifR™. The least squares estimator (L§E)is defined
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to minimize the distance af to Mo,

gn = argming.q |y — f(0)|2,

where| - | denotes the usual Euclidean norm Rh. Many authors have considered the
behavior off,, asn — oo when they; are generated by the model for a fix¢dn ©.

When thef; are deterministic, it is natural to express assertions tatimyvergence o?n
in terms of then-dimensional Euclidean distaneg(6y,6-) := |f(6,) — f(62)|. For ex-
ample, Jennrich (1969) todk to be a compact subset &P, the errors{«; } to be iid with
zero mean and finite variance, and thi¢o be continuous functions h He proved strong
consistency of the least squares estimator under the atisantipatn—'x,,(0;,6-)* con-
verges uniformly to a continuous function that is zero if amdly if 6; = 6,. He also gave
conditions for asymptotic normality.

Under similar assumptions Wu (1981, Theorem 1) proved thiatence of a consistent

estimator forg, implies that
(2) Kn(0) := K,(0,0p) — o0 at eachy # 6,.

If © is finite, the divergence (2) is also a sufficient conditiontfe existence of a consistent
estimator (Wu 1981, Theorem 2). His main consistency rgbidgt Theorem 3) may be

reexpressed as a general convergence assertion.

Theorem 1. Suppose thd f;} are deterministic functions indexed by a sub®eof R”.
Suppose also thatip, var(u;) < co andx, () — oo at eachd # §,. Let.S be a bounded
subset oB\{6,} and letR,, := infycs k,(0). Suppose there exist constafifs } such that
(i) supgegs |fi(0) — fi(6o)| < L, for each;
(i) |f:(61) — f:(62)] < L;|61 — 65 for all 61,65 € S;
(i) >, Li = O(Ry,) for somen < 4.
Then]P’{@n ¢ S eventually} = 1.

Remark.  Assumption (i) impliesy .. L? > k,(0)? — oo for eachd in S,

i<n1

which forcesR,, — ~c.
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If © is compact and if for each # 6, there is a neighborhoofl = 5, satisfying the
conditions of the Lemma theﬁ — 6, almost surely.

Wu’s paper was the starting point for several authors. Famgie, both Lai (1994)
and Skouras (2000) generalized Wu’s consistency resultakiyg the functions;(6) =
fi(6,w) as random processes indexedtbyThey took the{wu;} as a martingale difference
sequence, witH f;} a predictable sequence of functions with respect to a fomgtF; }.

Another line of development is typified by the work of Van deeG€L990) and Van de
Geer and Wegkamp (1996). They togK0) = f(x;,0), whereF = {f, : ©} is a set
of deterministic functions (in fact they identifigdl with the index setF) and thez; are
either fixed points iR? or iid random variables that are independent of the errcas. dé
Geer and Wegkamp (1996) gave necessary and sufficient moredfor the convergence
n=1k2(8,) — 0, which corresponds to consistency with respect tathe’,) pseudometric
on the functional clasg-. Under a stronger assumption about the errors, Van de Geer
(1990) established sharper stochastic bounds;,t(ﬁ\n) in terms of? entropy conditions
on F, using empirical process methods that were developed\aftiés work.

The stronger assumption was that the errors are unifornilgaussian. In general, we
say that a random variabl®” has a subgaussian distribution if there exists some finite

such that

Pexp(tW) < exp (%72t2> forallt € R.

We write7(1V) for the smallest such. Van de Geer assumed thabp, 7(u;) < oc.

Remark. Notice that we must hav®WW = 0 when W is subgaussian
because the linear term in the expansionPaefkp(¢WW) must vanish. When
PW = 0, subgaussianity is equivalent to existence of a finite congiafior
whichP{|W| > z} < 2exp(—22/3?) forall z > 0.

In our paper we try to bring together the two lines of develeptn Our main motivation

for working on nonlinear least squares was an example pregéy Wu (1981, page 507).
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He noted that his consistency theorem has difficulties wihmgple model,
3) fi(0) = i* for 0 = (\, n) € ©, a compact subset & x R*.

For example, condition (2) does not hold #y = (0,0) at anyd with . > 1/2. When
0o = (X0, 1/2), Wu's method fails in a more subtle way, and the results ofdaGeer and
Wegkamp (1996) do not yield consistency in the parametnseseVan de Geer (1990)’s
method would work if the errors satisfied the subgaussiamagson. In Section 4, under
only second moment assumptions on the errors, we estal#igk @onsistency and a central
limit theorem.

The main idea behind all the proofs—ours, as well as thosewawd Van de Geer—is

quite simple. The LSE also minimizes the random function

@ Gu(0) =1y — F(O)F° — [ul* = £ (0)" — 22, (0)
whereZ,,(0) :=u'f(0) — ' f(6o).
In particular,Gn(@l) < Gn(6y) =0, that is,%mn(@l)? < Zn(@l). For every subsef of ©,

(5) P, €S} <P{I0eS:Z,(0)> Lr,(0)*} < 4Psup |Z,(O)/ inf . (6)".
0esS €

The final bound calls for a maximal inequality faf,.
Our methods for controlling’,, are similar in spirit to those of Van de Geer. Under her

subgaussian assumption, for every class of real funcfignséd € ©}, the process

(6) X(H) = Zign uigi(e)

has subgaussian increments. Indeed, by the definitioiof
Pexp (t[X(Gl) . X(QQ)]) = TIPexpltuh) whereh; = g,(61) - g:(62)
< Hexp <%t27'2(ui)h?> :
Consequently, if-(u;) < 7, for all i the;

P (X000 - X02) < 3 7w (60) — a02)) < 72lo(0)) — 9(0)P

i<n
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That is, the tails ofX (6,) — X () are controlled by the-dimensional Euclidean distance
between the vectorg ¢,) andg(6-). This property allowed her to invoke a chaining bound
(similar to our Theorem 2) for the tail probabilities @ip, g | Z,()| for various annuli
S={0:R<k,(0) <2R}.

Under the weaker second moment assumption on the errorsppie symmetrization
arguments to transform to a problem involving a new proc&g®) with conditionally
subgaussian increments. We avoid Van de Geer’s subgaifgsagaumption at the cost
of extra Lipschitz conditions on thg (¢), analogous to Assumption (ii) of Theorem 1,
which lets us invoke chaining bounds for conditional secorainents ofup,.g | Z5(6)]
for variouss.

In Section 3 we prove a new consistency theorem (Theorem®Baarew central limit
theorem (Theorem 4) for nonlinear LSEs. More precisely,caunsistency theorem corre-
sponds to an explicit bound f@f{nn(§n) > R}, but we state the resultin a form that makes
comparison with Theorem 1 easier. Our Theorem does not ialplgst sure convergence,
but our techniques could easily be adapted to that task. @ardaethe consistency as a
preliminary to the next level of asymptotics and not as aniantkelf. We describe the
local asymptotic behavior with another approximation lgJtheorem 4, which can easily
be transformed into a central limit theorem under a variétyitd assumptions on théu; }
errors.

Theorem 4 generalizes the CLT proved by Wu. It covers all tleergptes in Wu, exclud-
ing only his examples of inconsistency. Our theorem doesodr the nonparametric re-
sultin Section 6.1 of Wegkamp (1998). In Section 4 we illatgrour new CLT by applying

it to the model (3) to sharpen the consistency resudg at (1, 1/2) into the approximation

(7) (/200 = 1,621 = 21) ) = LitiCln + 0p(1)
where/,, := logn and

2 —6 2

Cin = i_1/2€;1/2
’ —6 24 ) \ /¢,
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The sum on the right-hand side of (7) is of ordgy(1) whensup, var(u;) < co. If the {u;}
are also identically distributed, the sum has a limiting tiafiate normal distribution.

This example may appear contrived. It was offered by Wu (Epler, p. 507) as a case
in which his consistency result did not apply: “The reallyeiresting (or disappointing)
case is [the cas® = (1,1/2) in our model (3)] for which [his consistency condition, our
Theorem 1] is not satisfied.” In the context of his CLT he cited same example, noting
that “This again demonstrates the difficulty of the asymiptifteory when {2 (6)] goes to
infinity at a rate different from”. We feel that this example is therefore a good illustration

of how our methods improve on Wu’s results.

2. MAXIMAL INEQUALITIES

Assumption (ii) of Theorem 1 ensures that the incremént¥,) — Z,,(0-) are controlled
by the ordinary Euclidean distanceé we allow for control by more general metrics. Wu
invoked a maximal inequality for sums of random continuouscpsses, a result derived
from a bound on the covering numbers fdy as a subset aR™ under the usual Euclidean

distance; we work with covering numbers for other metrics.

Definition 1. Let (T, d) be a pseudometric space. The covering numbét, 7', d) is de-
fined as the size of the smalléstet forT, that is, the smallesy for which there are points

t1,...,tx InT with min; d(¢,¢;) < § for everytin T.

Remark. Allowing pseudometric rather than metric spaces is a slight in-
crease in generality that is sometimes convenient when dealing with metrics de-
fined by £? norms on functions.

Standard chaining arguments give maximal inequalitiepfocesses with subgaussian

increments controlled by a pseudometric on the index set.

Theorem 2. Let {W, : t € T} be a stochastic process, indexed by a pseudometric

space(T, d), with subgaussian increments. LBtbe ad-net for7'. Suppose:

(i) thereis a constank” such thatr (W, — W;) < Kd(s,t) forall s,t € T}
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(i) Js = foé p(N(y,T,d))dy < oo, wherep(N) := /1 + log N.

Then there is a universal constantsuch that

1
C—\/]P’supt W32 < KJs+ p(N(6,T,d)) maxser, 7(Ws).

1

Remark. We should perhaps work with outer expectations because, in gen-
eral, there is no guarantee that a supremum of uncountably many raradm v
ables is measurable. For concrete examples, such as the one discuSeed in
tion 4, measurability can usually be established by routine separability argu-

ments. Accordingly, we will ignore the issue in this paper.

Proof. Upper bound thd., norm ofsup, |IW;| by the sum of the., norms ofmaxcr, | W5
andsupg; <5 |[Ws — Wy|. The latter can be bounded above by a multiple/pfusing
Theorem 2.2.4 (and the display given above it) of van dertvaad Wellner (1996). This
theorem is stated for a general Orlicz ndfrj,, and should be applied far(z) = e —1,
using the fact that the Orlicz norm corresponding to thiscfiom upper bounds thé,
norm. The constani can be taken equal &. Bound theL, norm of max,c7, || above

by a multiple ofp(N (9,7, d)) maxser, 7(W) using Lemma 2.2.2 of the same book. [J

Under the assumption that var) < o2, the X process from (6) need not have sub-
gaussian increments. However, it can be bounded in a stickasse by a symmetrized
processX°(0) := Zigneiuigi(ﬁ), where then random variables,, ..., ¢,, uq, ..., u, are
mutually independent witl?{e; = +1} = 1/2 = P{¢; = —1}. In fact, for each subset

of the index se®©,

(8) Psupyeg |X(9)|2 < 4Psupyeg |Xo(9)|2‘
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For a proof see, for example, van der Vaart and Wellner (1B86ma 2.3.1). Moreover,
(van der Vaart and Wellner 1996, Lemma 2.2.7)

P, exp (t[Xgl - X&]) = H]P)u exp(eitush;)  whereh; = g;(01) — g;(02)
= H lexp(tu;h;) + exp(—tu;h;)]
< Hexp (%t%?hf) .

The subscript: indicates the conditioning om. It follows from the above display that the

processX° has conditionally subgaussian increments with
2
(©) (X5 = x5,) <D0l (900 — i62)
We use this property of the symmetrized process to producaxanmal inequality forX.

Corollary 1. LetSs be ad-net for S and letX be as in (6). Suppose

(i) Pu; = 0andvar(y;) < o?fori=1,...,n
(ii) there is a metrial for which Js := f05 p(N(y,S,d))dy < oo
(iif) there are constants, ..., L, for which

\91(91) — gz<62>’ < de(Ql, 92) for all 7 and a||91, 92 es

(iv) there are constants,, . . ., b, for which|g;(#)| < b; forall i and allf in S.

Then there is a universal constantsuch that

Psup | Xy[* < 3o® (LJs + Bp(N (3, 8, d)))*
0es

whereL := />, L7 andB := /) . b7.

Proof. It follows from inequality (9) and the derivation precedibghat

(X5, — Xg,) < Lud(6y,6,) whereL, = +/>_._ L?u?

i<nt 7t

and
Tu(X5) < By = 1/>.. ., b2u?

i<n”t i
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Apply Theorem 2 conditionally to the proce&s to derive
P, sup | X;|> < c}(LyJs + Bup(N(5,T,d)))>.
0eS

Invoke inequality (8), using the fact thBf.? < 0?L? andPB? < 02 B2, O

3. LIMIT THEOREMS

Inequality (5) and Corollary 1, witl;(0) = f;(6) — fi(6p), give us some probabilistic

control overd,,.

Theorem 3. Let S be a subset 06 equipped with a pseudometrit Let{L; : i =

1,...,n},{b;: 1 =1,...,n}, andd be positive constants such that
(|) |fz(81) — fz(eg)’ < de(91,92) for all 61,92 es
(ii) [fi(0) — fi(6o)| < b; forall 6 € S
(i) Js := foép <N(y, S, d)) dy < oo
Then
~ 2
P{f, € S} < 420> (Bp (N(a, S, d)) n LJ5> /RY,

whereR := inf{x,(0) : 6 € S},andL? = >, L?, andB* := >, 7.

The Theorem becomes more versatile in its application if aréigpn S into a countable
union of subsets),, each equipped with its own pseudometric and Lipschitz teonts. We
then havdP{@n € UrSk} smaller than a sum ovér of bounds analogous to those in the
Theorem. As shown in Section 4, this method works well for\the example if we take
Sk ={0: Rr < kn(0) < Rii1}, foran{ R} sequence increasing geometrically.

A similar appeal to Corollary 1, with the,(0) as partial derivatives of;(#) functions,
gives us enough local control ovet, to go beyond consistency. To accommodate the
application in Section 4, we change notation slightly by kileg with a triangular array:

for eachn,

Yin = fin(0o) + in, fori=1,2,....n,
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where the{u;, : ¢ = 1,...,n} are unobserved independent random variables with mean
zero and variance bounded b¥.

Theorem 4. Suppos@n — 6y in probability, with, an interior point of©, a subset oR?.

Suppose also:

(i) Eachf;, is continuously differentiable in a neighborhogdof 6, with derivatives

D, (0) = 0fin(6)/06.

(i) 72 = Yic [Din(0) 2 — 00 asn — oc.

(i) There are constant§M;,} with 3°._ M; = O(y;) and a metricd on \" for
which|D;,(01) — D, (62)| < Mmd(el,@Q) for6,, 6, ¢ .

(iv) The smallest eigenvalue of the matvix= ;> >~ Din(60) Din(60)" is bounded
away from zero for n large enough.

W) [lp ( y/\/d)) dy < oo

(vi) d(6,00) — 0ash — 6.

Thenﬁn(@\n) = 0,(1) and

Qn — 60 Z gz nWin + Op ) @) (]')
whereg; ,, = 7, 'V, Din (60).

Proof. Let D be thep x n matrix with ith columnD,, (6,), so thaty? = trace(DD’) and
V,, = v, 2DD’. The main idea of the proof is to replagé)) by f(6y) + D'(6 — 6,), thereby

approxmatmg?n by the least-squares solution

0p =0y + (DD") ' Du = argmin |y — f(6y) — D'(6 — 6,)|.

fcRP

To simplify notation, assume with no loss of generalityttfig,) = 0 andd, = 0. Also,
drop extran subscripts when the meaning is clear. The assertion of tlkerém is that

é\n = gn + Op(’%;l)'
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Without loss of generality, suppose the smallest eigervafl/, is larger than a fixed
constant? > 0. Then

;. = trace(DD') > supy <, | D't > infy<1 |D't]* = 572,
from which it follows that
(10) colt] < |D't|/vm < |t forall t € R?.
Similarly, P| Dul? = trace <DIP’(uu’)D’> < 0242, implying that|Du| = O,(v,) and
0, = 7,2V, ' Du = O,(y;,").
In particular,P{6,, € N'} — 1, becausé, is an interior point o©. Note also that
P>, n&iuil? < o’trace(Y, ., &if) = otrace(V, ') = O(1) by (iv).

Consequently |, iui = Oy(1).

From the assumed consistency, we know that there is a seguérmlls N, C N
that shrink to{0} for which P{6,, € N,} — 1. From (vi) and (v), it follows that both
rn = sup{d(6,0) : 0 € N,} andJ,, = [;"p (N(y,/\/, d)> dy converge to zero as
n — oQ.

Then x 1 remainder vectoR(0) := f(0) — D'0 hasith component
1
(11) Ri(0) = £:(6) — Di(0Y0 = @ / Di(th) — D;(0) dt.
0
Uniformly in the neighborhoodV,, we have
) 1/2
RO <101 (D0 M) = olloln),
which, together with the upper bound from inequality (16)plies
(12) [F(O)F = [D'O] + o(13|0%) = O(12]0]*)  as|d] — 0.
In the neighborhoodV,,, via (11) we also have,

W RO)| < 10l supsen, | i (Dils) = Di(0)) |
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From Corollary 1 withg;(6) = D;(0) — D;(0) deduce that
Psup.ey, | D w (Dils) = Di0)) |2 < o2 30 M2 = o(12),
which implies
(13) [u'R(0)] = 0,(7]0]) uniformly for 6 € N,.

Approximations (12) and (13) give us uniform approximasidor the criterion functions
in the shrinking neighborhoods,:
Gn(0) = lu— FO)* — [uf?
= —2u'f(0) + |f(0)
(14)
= —2u'D'0 +|D'0]* + 0,(7/0]) + 0p(12|0])
= |u—D'0|* — [uf* +]D'(0 = 0,)]* + 0 (7al0]) + 0p(12]0F).
The uniform smallness of the remainder terms lets us apmabe,, at random points
that are known to lie idV,,.
The rest of the argument is similar to that of Chernoff (195Nhen§n e N, we have
Gn(é\n) < G,(0), implying
D' (B — 8)I* + 0p(val6n]) + 0,(7710*) < | DB,
Invoke (10) again, simplifying the last approximation to
C%"Vné\n - VngnF < Op(1) + 0, (‘7n§n| + ’7n§n’2> .
It follows that|6,,| = O, (v, ) and, via (12),
’fn(é\n) = |f(§n>| = Op(1>‘

We may also assume thaf, shrinks slowly enough to ensure tiad,, ¢ N, } — 1.
When bothd,, andd,, lie in ,, the inequalityG,.(6,) < G, (6,) and approximation (14)
give

D' (6 — 8)* + 0p(1) < 0,(1).
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N _7 -1
It follows that6,, = 6,, + 0,(7,"). O

Remark. If the errors are iid anehax |¢; ,| = o(1) then the distribution of

> i<nintiin is asymptoticallyN (0, 02V, 1).

4. ANALYSIS OF THE IMPORTANT TEST CASE

The results in this section illustrate the work of our lintiebrems in a particular case

where Wu's method fails, namely model (3):
fi(0) = Ni* for0 = (\, ) € ©, a compact subset & x R.

We prove both consistency and a central limit theorem focts), = (\,, 1/2). In fact,
without loss of generality), = 1.

As before, let/,, = logn. Remembet = (A, ) with e € Rand0 < p < C, for a
finite constantC,, greater tharl /2, which ensures th#, = (1, 1/2) is an interior point of
the parameter space. Takidg = 1/2 would complicate the central limit theorem only

slightly. The behavior o@1 is determined by the behavior of the function

Gr(7) = Zigni_lﬂ fory <1,

or its standardized version

9a(8) 1= Cul3/6,)/G(0) = Tpc,, (7/G(0) ) exp (B6:/82)

which is the moment generating function of the probabilitgtribution that puts mass
i1/G,(0) at¢;/l,, fori =1,... n. For largen, the functiong, is well approximated by

the increasing, nonnegative function

(e =1)/8 for3 #0

9(3) = :
1 forG=0
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the moment generating function of the uniform distributior(0, 1). More precisely, com-

parison of the sum with the integrgl' %7 dx gives

(15) Gn(7) = lag(¥ln) +1a(y)  With0 <7, (y) <1fory <1.

The distributions corresponding to bagh andg are concentrated 0, 1]. Both func-

tions have the properties described in the following lemma.

Lemma 1. Supposéi(y) = P exp(yz), the moment generating function of a probability
distribution concentrated oft), 1]. Then
() log h is convex
(i) h(v)?/h(2v) is unimodal: increasing fory < 0, decreasing fory > 0, achieving
its maximum value df aty = 0
(ii)y 1) < h(y)

Proof. Assertion (i) is just the well known fact that the logarithfraomoment generating
function is convex. Thug&'/h, the derivative oflog h, is an increasing function, which

implies (ii) because

d h(y)? ) h(v)  R(27)

—lo =2 -2 )

ay (h@w h(2) ~ Th(27)

Property (iii) comes from the representatiify) = P (xe”). O

Remark. Direct calculation shows thg()?/g(27) is a symmetric function.

Reparametrize by putting = (1 — 2u)¢,, with (1 — 2C,)¢, < g < {,, anda =

M/ Gn(3/2,). Notice that| f()| = |o| and thatd, corresponds tay = +/G,.(0) ~ V¢,

andg, = 0. Also

fi0) = avi(B/6,)  where v;(y) =i exp(1£;/2)/\/Gu(7),

and

(16) n(0)* = Ga(0) (X2a(8) — 2A90(8/2) + 1)

We definey; := sup,«; v5(7)-
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Lemma 2. For all (o, 8) corresponding t@ = (A, 1) € R x [0,C,,J:

() Kn(0) = /Gn(0) < |a] < Kn(6) + v/Gn(0)
(i) >ic,vi =0 <log log n)
(i) dvi(5/6.)/dB] < Lvi(B/t)
V) £, B1) = ez B2)| < (lan = ol + Hlanl 6 = Bal )
V) 1£:(0) — fi(00)| <i7Y2 +|alv

Proof. Inequalities (i) and (v) follow from the triangle inequalit
For inequality (ii), first note that? < 1. Fori > 2, separate out contributions from three

ranges:

V?:max sup Vi(v)Q, sup 1/,~(7)2, sup Vi(7)2 )
15921/t <1/t <=1/t

For~y > 1/¢,, invoke (15) to get a tractable upper bound:

et expyty v (logy -+ log(i/n)

¢ <Y S .
lrg(vln) exp(yl,) — 1 1 — 1

The last expression achieves its maximum gve¢¢,,, 1] at

vi(7)? <

1/log(n/i) ifl1<i<n/e

Yo ‘= )
1 ifn/e<i<n
which gives
(17)
-t -
sup (7)< (e—1) H (2 " (n/e)) whereH (z) :=1/ <x 10g(1/x)> :
1>7>1/tn n n

Similarly, if —1 < ~4, < 1,

()2 < exp(yli)  explli/ln) _ e/9(=1)
ilng(vln) ilng(—1) il,
The last term is smaller than a constant multiple of the bduma (17). Finally, if —y =
§ > 1/¢, andi > 2 then

exp(—40;) - Z._lexp <log5 — 5&-) - 6—1/(1 . 6—1)
1 —exp(—dt,) — 1—e! - il; '

1/2-(7)2 )
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In summary, for some universal constant

1/1-2 < C'max <n_1H (z/\(n/e)) ! ) if 2<i<n.

n "ilog

Bounding sums by integrals we thus have

Cliy?< 1/6H(:U)da:—|—H(1/e)/n+/n(aclogx>_1dx—0<loglogn>.
= i 2

For (iii) note that

Q%W/en) _ 2% o (100/6,) (Ga00.9) = <§ B %

which is bounded in absolute value by 5) becaus® < g/, (5) < g.(5).
For (iv)
[filaw, B1) = filaz, B2)| < (o1 — a2)vi(Br/n)] + || |vi(B1/6n) — vi(B2/4n)]
< (o1 — )|y + |ag|[(Br — 52)’%%‘,

the bound for the second term coming from the mean-value¢heand (iii). OJ

Lemma 3. For e > 0, let N, = {6 : max <])\ -1, ]ﬁ|) > e. If € is small enough, there
exists a constan®, > 0 such thatinf{x,(0) : § ¢ N.} > C.v/¢, whenn is large enough.

Proof. Suppose|3| > e¢. Remember that7,,(0) > ¢,. Minimize over A the lower
bound (16) forx,,(#)? by choosing\ = g,.(3/2)/g,(3), then invoke Lemma 1(ii).

Fn(0) o | _ 9nlB/2)7 (gn(e/?)2 gn(—6/2)2> L 9le/2)?

i 1) B N A s )

If | 3| < e ande is small enough to mak@ — €)e/? < 1 < (1 + €)e™/?, use

> 0.

2

() = i (Aexp(,@’&-/%n) - 1) .

If A > 1+ ¢ bound each summand from below by ((1 + ¢)e™/2 —1)2. If A < 1 — ¢
bound each summand from below by (1 — (1 — €)e/?)2. O
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4.1. Consistency.On the annulus’y := {R < x,(0) < 2R} we have

o] < Kg:=2R+/G,(0)
| fi(0) — fi(02)| < Krvidg(6:,02)
wheredg (01, 02) := oy — as|/Kg + 5|51 — [
|£i(0) — fi(6o)] < bi:=i"Y2+ Kpu,.
Note that

2
e (rl/? + KRVZ-) = O, + K2logl,) = O(K%L,)  wherel, := loglogn.

The rectangld |o| < K, |3| < ¢/, } can be partitioned int®(y~'¢,,/y) subrectangles
of dp-diameter at mosy. ThusN(y, Sg,dr) < Col,/y* for a constant’, that depends

only onC),, which gives

1
/ p (N(y, Sde)) dy =0 (\/£n> :
0
Apply Theorem 3 withj = 1 to conclude that
P{0, € Sp} < C1K2L2/R* < Co(R? + 0,) L2/ R*.
PutR = C52*(¢,£2)"/* then sum ovek to deduce that
P{rn(6n) > C3(0,L2)*} < ¢ eventually
if the constant; is large enough. That is,, (,,) = O, ((Knﬁi)l/”‘) and, via Lemma 3,
Ru—1=0,1) and 20,/ — ol = 5] = 0,(1).

4.2. Central limit theorem. This time work with the(\, 3) reparametrization, with

fz(/\,ﬁ) _ Ai*l/2+ﬁ/2fn
Di(\, By = (G2, 200 = (1/3,4,/26,) f:(\, 9)
andf, = (Mo, 0o) = (1,0). Taked as the usual two-dimensional Euclidean distance in

the (\, 3) space. For simplicity of notation, we omit somesubscripts, even though the

relationship betweeé and(), 5) changes withu.
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We have just shown that the LSﬁn, Bn) is consistent.

Comparison of sums with analogous integrals gives the appetons
(18) S T =0 p+r,  with|r,| <1forp=0,1,2,....
In consequence,

and

s 1 L )20, L1203
Vi =72 i<t =V +0(1/¢,) whereV = &

13

0;]20, 02]402% 3 1
The smaller eigenvalue df, converges to the smaller eigenvalue of the positive definite
matrix V', which is strictly positive.
Within the neighborhoodV, := {max <|)\ -1y, |ﬁ|> < ¢}, for a fixede < 1/2, both
|f:(\, B)] and|D; (), 3)| are bounded by a multiple of /2. Thus

1Di(61) — Di(61)] < A" = A2 fi(60)] +31£i(61) — fi(B2)] < Cei™V/2d (61, 65).

That is, we may takd/; as a multiple of ~'/2, which gives)",_ M? = O(¢,,).

All the conditions of Theorem 4 are satisfied. We have
Ve = 1,8,) = 25w 202 (1,4,/26,)V " + 0,(1).
Acknowledgements.We thank the referees for their constructive comments.
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