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Preface

The first three chapters of this thesis are devoted to asymptoticeieans clustering.
Chapter 1 reviews existing asymptotic results and summarizes my contribution.

Chapter 2 considers two examplesiimeans where the asymptotics is nonstandard.
The first example is the two means problem on the real line, when the underlying distri-
bution is double exponential. The second derivative of the population criterion function
is singular, which causes a slower convergence rate 8f for the optimal sample cen-
ters. | have recently discovered that Serinko and Babu (1992) were the first to recognize
the unusual asymptotic behavior in this example. They used one-dimensional techniques
to derive then—'/* asymptotics for the sample centers and the split probability. | obtain
similar results using empirical process techniques developed in Pollard (1981) and Pol-
lard (1982a) for the general multidimensional case. In addition | derive:tA€ rate
of convergence and a limit theorem for the distance between the optimal sample centers.
| also consider a delicate two dimensional example where several rates of convergence
are present. The irregularity of the asymptotics in this example comes from two sources:
two (rather than one) optimal configurations of population centers and a singular second
derivative of the population criterion function for one of these optimal configurations. |
derive the limiting behavior of the optimal sample centers.

Chapter 3 deals with the case of non-unique population minima in the general setting.

The consistency result that | give is an extension of the result in Pollard (1981). | also



present conditions on the population criterion function that guarantee Ha rate of
convergence of the optimal sample centers to the set of all population minima. | prove a
central limit theorem that handles the case of non-unique population minima.

To the best of my knowledge, there are no asymptotic results in the literature that
handle the multidimensionatmeans problem either in the case of non-unique population
solution or in the case of a singular second derivative of the population criterion function.

Chapter 4 is a joint work on asymptotics of nonlinear least squares with my adviser,
Professor David Pollard, copied verbatim from Pollard and Radchenko (2003). The moti-
vation for this research was an example of Wu (1981), which his limit theorems could not
handle. We established the asymptotics for the example by means of new limit theorems,
extending ideas of Wu (1981) and Van de Geer (1990). My contribution included deriving

the consistency result and the central limit theorem for Wu’'s example.

Vi



Chapter 1

Introduction

1.1 Review of Standard Asymptotic Results

The k-means procedure divides observations. . ., z,, in R into k sets by locating the

cluster centers and then assigning each observation to the closest center. The set of cluster

centerd,, = {bin, . - ., be,} iS Cchosen to minimize
-1 : ]2
Wi(a) =n in, |z; — a| (1.1)

1 <n

as a function of setg = {ay, . .., a; } of k not necessarily distinct points . | write | - |
for the usual Euclidean norm iR,

The observations are independent and are coming from a population distribution
For every seb = {by, ..., b} of k points inR?, defineg(z, b) to be the squared distance
from x to the closest point i,

¢(z,b) = min |z — b;|*.

1<j<k

The empirical measurg, places mass ! at eachr, ..., z,. | will use the abbreviation



Qf = [ fdQ for a given measurable functiohand a signed measu€g Note that that

W, (b) is the P,-expected squared distance to the closest poibit in
W, (b) = P,o(-,b).

Let W (b) be the population counterpart,
W (b) = Po(-,b).

| will refer to W as thepopulation criterion function, and | will call W,, the empirical
criterion function . Note that for each fixed sét the sample valuéV/, (b) converges to
its expectationlV/ (b) by the law of large numbers. This suggest that the empirical and
the population criterion functions get close to each other as the sample size increases, and
hence their minima should be close. Suppose &, sa@inimizes the functio,, and a set
a minimizes the functiolV. Call b, a set ofoptimal sample centers and calla a set of
optimal population centers

Note that if P has a finite second moment and is not concentrated on fewerkthan
points, each set of optimal population centers has to contain exaptints. Under these
conditions, and given that the sebf optimal population centers is unique, Pollard (1981)
showed that the setg of optimal empirical centers are strongly consistent with respect to
the Hausdorff metrid? (-, -). The Hausdorff metric is defined for compact subdet$’ of
R? by

H(E,F)= (maxmin\e— f]) A <maxmin\e— f|) .

ecE fcF fEF ecE
The idea of Pollard’s consistency proof is the following. First invoke a compactification

argument to get all the optimal empirical centers almost surely within a compact region in

R?. Then establish a uniform strong law of large numberg¥grand prove continuity of



the limit function. AlImost sure convergence of the minimumléf, to the minimum of
W follows directly.

Note that if we take & less than half of the smallest distance between points of
then the sets that satisfyH (b, a) < § have to contain exactly k points, each lying within
a ¢ Euclidean distance of a uniquely determined point.inHence, convergence of,
in the Hausdorff metric can be translated into convergence of individual points. Write
the seta = {ay,...,a,} as anR* vector(ay,...,a;). Translate convergence of to
a into convergence of vectors iR*® with respect to the Euclidean metric. Note that
when H (b, a) is small enough, th&*d-representation of b, is uniquely determined
by the labeling of points im. Throughout this text, when working in a small Hausdorff
neighborhood of the set | will treat sets in this neighborhood as vector&itf assuming
that the vector representation is induced by a particular labeling of pointd imill abuse
the notation and use the same symbol for sets and vectors.

Under some regularity conditions, Pollard (1982a) derived a central limit theorem for
the vector of optimal empirical centers. Liébe the second derivative matrix @f eval-
uated at the vectar of optimal population centers. Under some smoothness assumptions
about the underlying distribution Pollard established the following quadratic approxima-
tion to the empirical criterion function uniformly oveér in shrinking neighborhoods of

Z€ero,

Wo(a+h) = Wy(a) = (1/2)W'Th —n Y20 Z, 4 0,(n = 2|h]) + o(|R]?).  (1.2)

| write that a sequence of random functiapgh) is of ordero,(n=1/2|h|) uniformly in
shrinking neighborhoods of zero, if for every sequencg-,} of positive numbers con-
verging to zero there exists@(1) sequence of random variables such that the upper

bound|g, (k)| < e,n~'/2|h| holds whenevefh| < r,. Note that this definition can be



generalized to include uniform approximations over a class of sequences of random neigh-
borhoods, for example the class@f(n~'/2) neighborhoods. By the stochastic order of a
sequence of random neighborhoods | understand the stochastic order of the corresponding
sequence of diameters.

For nonsingulat’, Pollard applied comparison arguments to approximation (1.2), and
derived that

by =a+n"Y 1717, + 0,(n?), (1.3)

which implies a central limit theorem foy, because vectors,, are asymptotically normal
with mean zero.
Below are some ideas behind Pollard’s derivation of approximation (1.2)v,Leé-

note the empirical process,
) = (R0 - PC)).
Observe that
Wi(a+h) — Wy(a) = W(a+h) — W(a) —n /20" <¢(:p, a+h) — é(z, a)) .

Write a Taylor expansion for the functiof” neara. The linear term in the expansion van-
ishes becauseis the minimum ofi’. Finally, extract a linear term i from the stochastic
part and use empirical process techniques to control the remainder terms. For more detail
see Pollard (1982a) or read the proofs of my Lemma 3 and Lemma 4 of Section 2.1, which
follow in Pollard’s footsteps in deriving a similar approximation.

Pollard’s results generalize the one dimensional consistency and central limit theorems
of Hartigan (1978). They also extend the results of MacQueen (1967), who obtained

consistency for the within group sum of squares défmeans algorithm that distributes



the observations sequentially amohglusters. For a discussion éfmeans algorithms

and practical applications see Hartigan (1975).

1.2 Motivation

The theory developed in the statistical literature for the methadmieans has been ap-
plied to the study ok-level quantizers (see, for example, Pollard 1982bk-lavel quan-
tizer is a mapg from R? into a subsefb, . . ., b} of itself. Such a map is used to convert
an input signal inR? into an output that takes on at mdstvalues. An optimal quan-
tizer for the signal coming from a probability distributidh minimizes thedistortion,
which is measured by the mean-squared eRtr — ¢(x)|*. For an exposition of general
guantization theory see, for example, Graf and Luschgy (2000).

Note that the set of values of an optimal quantizer minimizes the corresponding cri-
terion functionlV discussed earlier. Also note, that{i,, ...,a;} is a set of optimal
population centers then the quantizer that maps eawcto its nearest centet; is optimal.
Hence, the:-level quantization problem is equivalent to theneans problem.

The motivation for my research diameans came from a question posed by Bartlett,
Linder, and Lugosi (1998). Temporarily writé (P, -) instead oflV/(+), to indicate the
dependence on the underlying distribution, defirig&( P) = inf, W (P, a), and write? .
for the set of all probability measurg%that concentrate on the closed ball of raditié

centered at the origin. In this notation, their question becomes: If we require

PW(P,a,) — W*(P)] < a,,C(P) forallPe? g, (1.4)

whereC'(P) is a constant that depends only 8nhow fast can the sequenée,,} go to

zero? The expectation on the left-hand side is taken over samplesfrdmore formally,



P should be understood as thefold product measur™. It is important that the set,
depends only on the sample, for otherwise the left-hand side could be made equal to zero
by takinga,, to be the set of optimal population centers farUnder a further restriction
thatsuppeg,ﬁ C(P) < oo, Bartlett et al. showed that the uniform ratg cannot be better
thann /2. Citing results from Linder, Lugosi, and Zeger 1994 and Devroyejriyand
Lugosi 1996, they noted that the ! uniform rate is achieved by the st of k-means
optimal sample centers.

In this dissertation | study the closely related problem of how fast the left-hand side
of (1.4) can tend to zero if we take, as the seb, of optimal sample centers, that is the
set that minimizedV,,. | also establish the corresponding asymptotic distribution theory
for W(P,b,) — W*(P), thedistortion redundancy.

Bartlett et al. pointed out that the distortion redundancy goes to zero at thate for
thoseP where the regularity conditions of Pollard (1982a) are satisfied, as a consequence
of approximation (1.2). To establish this approximation for the empirical criterion function

near the population minimui, Pollard first showed that
Wo(a+h) — Wy(a) = W(a+h) — W(a) —n Y20 Z, + o,(n"?|h]), (1.5)
then combined it with a Taylor expansionléf arounda,
Wi(a+h) —W(a) = (1/2)'Th + o(|h|*). (1.6)

| have reverted to the convention of writifidy (-) instead oflW/ (P, -). If the matrix "
is nonsingular, approximation (1.3) and the central limit theorem hold for thé, saft

optimal sample centers. Together with approximation (1.6) they imply

W(b,) —W*=(1/2n'Z' T Z, +o(n™").



As noted earlier, | assume that the underlying distribution has a finite second moment and
is not concentrated on less thapoints. Under these conditiots, has a nonzero limiting
distribution, and henc#/(b,,) indeed converges to the minimum1df at the rate: .

To summarize, ifP has a finite second moment and is not concentrated on less than
k points and if Pollard’s regularity conditions are satisfied, then the central limit theorem
holds for the optimal sample centers and the distortion redundancy settles down at the

raten—!. The regularity conditions are as follows:

A: The sets of optimal population centers is unique.

B: Matrix I' in expansion (1.6) of the population criterion function is nonsingular.

1.3 Summary of the Main Results

In Chapter 2 | consider two examples where the regularity conditions fail. | investigate
how a lack of regularity can influence the asymptotic behavior of optimal sample centers
and distortion redundancy.

The first example is the two means problem on the real line when the underlying distri-
bution is double exponential. There is a unique optimal pait, 1} of population centers,
however the second derivative matiixof population criterion functio is singular at
(—1,1). To derive the asymptotics of the optimal sample centers | expand the approxi-
mation in (1.6) to include the cubic terms so that (1.5) becomes a cubic approximation to
the empirical criterion function. | use comparison arguments to show that optimal centers
centers converge at the rate'/* and find the limiting distribution. In addition, | refine the
error terms in approximation (1.5) and show that the distance between the optimal sample
centers converges at the raté?. | find the limiting distribution for this distance.

Serinko and Babu (1992) also considered the example described above. They used

one-dimensional techniques to derive thie'/* level asymptotics. They also proved a



general limit theorem fok-means on the real line, tying the rate of convergence of the
optimal sample centers to the behavior of a certain population criterion function.

The second example | consider is the two means problem when the underlying distri-
bution is concentrated on two parallel lines in the plane. Each line contains half of the
probability, and the conditional distribution on each line is double exponential. The lines
are spread apart at the exact distance that insures that there are two configurations of op-
timal population centers (see figure 2.2.) With positive probabilities the optimal sample
centers settle down to one or the other optimal population configuration. The sample cen-
ters settle down to one of the configurations at the naté*, and they settle down to the
other at the ratex~'/2. The distortion redundancy goes to zero at the rat&* in the
first case, and at the rate! in the second. Moreover, in the first case some linear com-
binations of the sample centers settle down at thenaté’. | derive the joint limiting
distribution for all the random quantities contributing to the asymptotics of the sample
centers.

Chapter 3 establishes some general results that handle the non-uniqueness of the pop-
ulation minimizer. The lack of a unique setbout which to develop approximations like
and (1.5) and (1.6) causes technical difficulties, which, to the best of my knowledge, have
not been addressed in the literature. Under some assumptions on the beh&Vioeaf
the population minimizers, | establish the'/? rate of convergence and a limit theorem

for the set of optimal sample centers.



Chapter 2

Nonstandard Rates of Convergence in

k-Means

In this chapter | discuss two examples in which Pollard’s regularity conditions are not
satisfied. The first example is a two means problem on the real line with double exponential
underlying distribution. In Section 2.2 | analyze the asymptotics in this example using two
methods to parametrize the problem: parametrization by the centers and parametrization
by the split point. Parametrization by the centers is the general approach of Pollard that
was described in the Introduction. Parametrization by the split point is a traditional way to

handle the two means problem on the real line; it is defined and discussed in Section 2.1.

2.1 Two Clusters in One Dimension

2.1.1 Some Definitions

Consider a distributior” on the real line. Assume it has a finite mearand a finite

variances?. | will not consider distributions that are concentrated on less than two points.

Definition 1 For eacht € R denote the probabilities that assigns td—oo, t] and (¢, o)



byr,_ andr,, respectively, and leX,_ and X, stand for the corresponding conditional

means:
T = P™{a >t} m = P*{x <t}

Xy =Por{o>tYn, X, = Pa{r <t}/m_.

For the corresponding sample quantities use the superseripbr example,
. = PH{x >t} and X,, = Px{x >t}/7,.

For any distinct pair of centers on the real line the partition that they define consists of two
half-lines(co, s] and(s, co) wheres is the midpoint between the centers. It is convenient
to view the 2-means clustering R as an optimization over all such partitions. Note that
this optimization problem can be parametrized by a single parameter, the point that splits

R into two half-lines.

Definition 2 Each points on the real line splits it into two partg,—oo, s] and (s, 0o).

Denote thewithin cluster sum of squareshat corresponds to this partition by (s):
V(s) =Pz <s}ax— X, )*+ P{x > sHz — X )
The corresponding sample quantity is
Vi(s) = P2 {x < st — X, ) + P {x > s}z — X, )2
Denote theébetween cluster sum of squaréy G(s):
G(s) =Ty X0+ Tap Xy — 112 (2.1)
Call s the split point A split point isoptimal if it minimizes the within cluster sum of

10



squares function.
Note that

V(s) + G(s) = o?,

hence minimizing the within cluster sum of squares is equivalent to maximizing the be-
tween cluster sum of squares. In the case of two clusters in one dimension the between
cluster sum of squares has been traditionally used as the criterion function (see, for exam-
ple, Hartigan 1978).

| will use the following naturalR?-representation for two-point sets i If a seta

consists of two points; andas, anda; < as, the vector representation fafis (a;, as).

Definition 3 For a split points and a seta = (ay, ay) define thegeneralized sum of

squaresfunction,

W(s,a) = W(s,ay,as) = P {x < s}z —a1)? + P {z > s}(z — ap)?,

and thebias-squaredunction,

B%(s,a) = B*(s,a1,a5) = me_ (X —a1)* + 1oy (Xoy — a2)*. (2.2)

The corresponding sample quantities are

W, (s,a) = P{x < s}(x —a1)* + P {x > s}(z — as)?,

and

Bi(s,a) = mi (X, — 1)’ + 7l (X, — a2)”.

Note that whers = (a; + a2)/2, the generalized sum of squaf@¥s, a) becomesdV (a),

the population criterion function for the parametrization by the centers. Note the following

11



equality:

W(s,a) = V(s) + B*(s,a). (2.3)

Observe that for all real, u, andv, such that: < s <vand0 < 7,_ < 1,

W(s, u,v) > V(s) = W(s, Xoo, Xos) 0.0
W(s,u,v) > W(u,v) = W(u/2 +v/2,u,v).
Pollard (1981) showed that functidiy is continuous when the collection of two-point
sets is equipped with the Hausdorff metric. It follows that the minimum valud’ag
achieved. Apply inequalities (2.4) to deduce that the minimum valué¥ @ind V" are
also achieved and that these values are equal to the minimum valiie @bserve that
if a split point s is optimal, i.e. it minimizes the within cluster sum of squares function
V, then the tripletgs, X,_, X, ) and(3(X._ + X,4), Xs_, X1 ) minimize functionW,
and the paif X,_, X,,) minimizes functionlV’. Also note that if an optimal split point
s does not coincide with (X,_ + X, ), then the open interval with endpoints aand
L(Xs- + X,) contains zero probability.
The reasoning in the above paragraph is true for any underlying probability distribu-

tion. The conclusions apply to the sample functidvs, W,,, andV/,.

2.1.2 Approximation to Sample Within Sum of Squares Function

Approximation (1.5) of Pollard (1982a) is a crucial step to deriving asymptotics of the
optimal sample centers. Hartigan (1978) gives a similar approximation to the sample
between sum of squares function. Here, | derive an approximation to the sample within
sum of squares function following the general approach of Pollard (1982a).

Without loss of generality, suppose that the optimal population split point is at zero.

Assume, as always, that the population distribution is not concentrated on just one point,

12



hence probabilities,_ andm,, are both positive. The following lemma approximates

empirical cluster means by the corresponding population conditional means.

Lemma 1 The following approximations hold uniformly overin shrinking neighbor-

hoods of zero:

Xy =X =nV2(e = Xo){r < 0}/mo- + 0,(n™"/%) (2.5)
X1o = Xow = 0720 (x = Koy ){w < 0} /7o + 0(n™11?),
Proof:  Note thatr” = m,_ +n~Y2v2{z < s}. Observe that
e vpfn < s} — Poafr < n_ o
X, —Xso = Frele < 5) nP wz < 5 —me{xgs}—ws :
T s To
Conta{es <s} nV2ui{x < syPta{x < s} 2.6)

n
S—

n
S—

s Mg T

As s goes to zero, functiong(z) = {0 < = < s} andg,(z) = {0 < x < s} con-
verge to zero in thé, sense by dominated convergence. Note tharasges over a neigh-
borhood of zero, classes of functiofig, } and{g,} satisfy the conditions of Theorem 7
in the appendix. Hence, processéd,(z) andvZg,(x) are stochastically equicontinuous
at zero, and thus? f;(z) = o,(1) andvlgs(z) = o,(1) uniformly overs in shrinking

neighborhoods of zero. Deduce the following approximations,

T = o +o(1)
Pra{z <s} = Pox{z <0} +o,(1)
vi{e < s} = vi{x <0} +o,(1)
T = m +o0(1) 2.7)

viefe < s} = viale <0} +o,(1),

13



which hold uniformly overs in shrinking neighborhoods of zero. Plug these approxima-

tions into expression (2.6) and deduce that

—_n =

X, — X, =n"Y%x - Xo ) {x <0}/mo_ + 0,(n"1?).

S—

Argue analogously foX,, — X,,. O

Apply equality (2.3) to the empirical probabili%,, and derive

Vn<3) == Wn(s, XS_’YSJ’_) - B,’QL(S,YS_,75+).

Use approximations (2.5) and (2.7) to handle the bias-squared function uniformly over

in shrinking neighborhoods of zero:

~ ~n

Bg(sa XS,, Xer) = 71-?f<)(sf - y37)2 + Trng(yZJr - 78+>2

= n'mo-(v(x = Xo-){z < 0}° +n mos (v (v — Xoy){z > 0})*

+o,(n7h).

Conclude that

Vi(8) = Vi (0) = Wi (s, X o, Xgy) — Wi (0, Xo_, Xoy) +0,(n7 1),

uniformly in shrinking neighborhoods of zero. Note th&fs, X,_, X,.) is exactly the

within cluster sum of squards(s). Deduce the following

Lemma 2 Letw(z, s) stand for{z < s}(z — X, )2+ {z > s}(x — X, )% The following

approximation holds uniformly overin shrinking neighborhoods of zero:

Viu(s) = V,(0) = V(s) — V(0) + n~ Y22 (1/)(35, s) —U(z, 0)> +o,(n71).

14



The following lemma helps extract a linear termsifirom the random part of the above

approximation.

Lemma 3 Suppose that there exists a neighborhood of zero, such that a restrictibarof
this neighborhood has a continuous density functiomith respect to Lebesgue measure.

The function

Ay - HOFos o 2O

(z — Xos){z > 0}
To— To+

is the L,(P) derivative ofy(x,s) at s = 0, in the sense that the remainder functions
Rs(x), defined by
U(x,s) = ¢(x,0) + sA(z) + sRy(2),

converge to zero with respect to the(P) pseudo-metric.

Proof: DifferentiateX,_ andX,, to derive the following approximations fartending

to zero:
X, =X —5f(0)Xo_/mo_ +o(s)

Yﬁ. = 70+ + Sf(O)Y(H_/?T(H_ + O(S).

Fix a negativer. For all s small enough,

sRy(z) = (x— X, ) —(z—Xo-)? —

Argue analogously for a positiveand conclude thak,(x) go to zero pointwise at all non-
zeroz. Sincef is continuouspP places no mass at zero, hence functiéiér) converge

to zero atP-almost allz.

15



Observe that for alt in a small enough neighborhood of zero,

R < s (|sA<x>|+|<x—78_>2—<x—Yo_>2|v|<x—Xs+>2—<x—Xo+>21)

<A@+ s (|<x XY - o - Kol e - Kur) (@ — Ym)

< C(1+ ), (2.8)

whereC' depends only on the neighborhood. By dominated convergence, funétions

converge to zero in thé,(P) sense as goes to zerol]

Note that for any, function R,(x) is a sum of at most three linear functions with dis-
joint supports. The support of each of these functions in an interval on the real line. Ob-
serve also that a class of functiofiB,(z)} for s in a small enough neighborhood of zero
has a square integrable envelope by inequality (2.8). Hence this class of functions satisfies
the conditions of Theorem 7 in the appendix, and thus the empirical précgBs(x)} is
equicontinuous at = 0. Use the fact that functionB;(x) converge to zero in thé,(P)
sense to conclude that

vy Bs(x) = 0p(1),

uniformly overs in shrinking neighborhoods of zero. Combine this result with the state-

ments of Lemma 2 and Lemma 3 to deduce

Lemma 4 Suppose that there exist a neighborhood of zero, such that a restrictibn of
onto this neighborhood has a continuous density funcfianth respect to Lebesgue mea-

sure. Define random variablgs,,, and Z,,, by

Z = [=2£(0)Xo- /mo- v (2 — Xo-){z < 0}

Zon = [2f(0)X o /mo+ ] (2 — Xo4 ){x > 0}.

16
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Figure 2.1: Double exponential density

The following approximation holds uniformly ovem shrinking neighborhoods of zero:

Viu(s) = Vi (0) = V(s) = V(0) = n~Y25(Z1,, + Zoy) + 0p(n"?|s]) + 0,(n71). (2.9)

2.2 Double Exponential Example

2.2.1 Population Criterion Functions

Let P correspond to double exponential distribution on the real line (see figure 2.1). For

everyt write out the expressions for probabilities. andr,_ and conditional mean&’,
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and.X;_:
Ty = {t>0}et/2+{t <0}1—¢€'/2)
. = {t>0}1—e1/2) +{t <0}e!/2
m {t > 0}( /2) +{t < 0}e'/ (2.10)
Xep = {t>01+t)+{t <0} —t)m— /iy
X, = {t>0}~1—-t)my/m +{t <O0}(=1+1).
The between cluster sum of squares functigs) is symmetric about zero. Consider a
nonnegatives. Plug in the above expressions for conditional means and X, into

formula (2.1) forG to deriveG(s) = (1 + s)?ms, /7. . Rewrite this expression using the

above formulas forr,, andr,, to get

(1+s)? 1+ 2s+ s
G(s) = = for s > 0.
) = e T " Trmierapr . o2

DeduceG(s) < G(0) for all positives. Thus, zero is the unique optimal split point for the
double exponential distribution.

Apply Taylor expansion to approximafe(s) for positives approaching zero:

G(s) = (14821 —2(e* —1)+4(e* — 1) —8(e* —1)* + O(s")]
= (1+ 3)2[1 —2(s 4+ 5%/2 4 53/6) + 4(s* + 5*) — 85> + 0(54)]
= (1+42s+s%)[1 — 25+ 3s* —135°/2 + O(s")]

= 1-5"/3+0(s").

Use the symmetry off to deduce(s) — G(0) = —|s|*/3 + O(s*). Conclude that

V(s) = V(0) = |s*/3 + O(sY), (2.11)

ass goes to zero.
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Now | can derive the approximation to the population criterion functionwhich is
parametrized by the centers. Note tliatl, 1) is the set of optimal population centers.
Indeed,—1 and1 are conditional means of the corresponding half-planes defined by the
optimal split at zero. Denote by = (h4, hs)’ the vector of increments to the set of optimal

population centers. Defineto be(hs, hy)', where
hsz <h1+h2)/2, hd: (hl—hg)/z

Note thath is a linear function of: and vice versa.

Letcbe(—1, 1), the vector of optimal population centers, andflstand for the vector
of new centerg + h. Note thatc splits the real line at the poirit,. Use equality (2.3) to
split the criterion functiori?” into a sum of the within cluster sum of squares part and the

bias squared part:
W (@) —W(c) = V(hy) — V(0) + B?(hs, ). (2.12)
Apply Taylor expansions to rewrite expressions (2.10)foear zero:

Ty = {t>031/2—t/2+¢2/4) + {t <O0}1/2 —t/2 —t?/4) + O(t?)
T = {t>031/2+t/2—t*/4)+ {t <OH1/2+t/2+ t2/4) + O(t?) (213)
X = {50 148 +{t <0M1+1+)+0() '
(

X, = {t>0H-1+t—t)+{t <0H=1+1)+O().

The expressions for,,. andn,, will only be used in the next section. Derive the approxi-

mations for the squared distances from the elementsmthe corresponding conditional
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means defined by the split A, ash goes to zero:

(=14 hy = Xp,2)? = (hs = ha = hi{he > 0} + O(|BI*))* = h + 2hZha{hs > 0} + O(|h]*)
(1+ hy — Xp,1)? = (hs — ho + B2 {hs < 0} + O(|h[*))? = h3 + 2h2ha{hs < 0} + O(|A]Y).

Plug the above approximations into expression (2.2), which defines fungtioand use

mh,— = 1/2+ O(|h|) to get

B%(hy, @) = 2+ 2m._h2ha{hs > 0} + 2mp.es h2ha{hs < 0} + O(|h[*) 214

= h2+ h*hg+ O(|h]Y).

Combine equality (2.12) with approximations (2.11) and (2.14) to derive the approxima-

tion to population criterion functio at its minimum as: tends to zero:

W(=1+hy, 1+ hy) — W(=1,1) = h2 + |hs|?/3 + h2hg + O(|h|*). (2.15)

2.2.2 Asymptotics: Parametrization by the Split Point

Combine approximations (2.9) and (2.11) to derive

Vi(sn) = Va(0) = [sal*/3 + Op(n™2[50]) + 0y (Isul®) + 0p(n7").

Note that the left hand side is non-positive and dedugg = O,(n~'2|s,|) + 0,(n7!).
Fix a positiveC. The above equality impligls,,|*{|s,| > Cn~1/*} = O,(n~'/?), which
guarantees

[a] = Op(n™'1%).
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Fix a random sequence ij(n’l/‘l) neighborhoods,,, such thats,, € G, holds with

probability tending to one. Approximations (2.9) and (2.11) yield
Vn(s) - Vn(o) = ‘3|5/3 - n_1/2s(zln + ZQn) + Op<n_3/4)7 (216)

uniformly overg,,.

Lett = n'/*s andg’, = n'/%G,,. The above approximation becomes
Va(s) = Vn(0) = n 34 (]t|3/3 — t(Zyn + Zon) + op(1)> , (2.17)

uniformly overS’ . Lett* minimize the functionf(t) = |t|*/3 — t(Z1, + Z2,). Suppose
Zn + Zo, > 0. Note that in this cas¢g(|t|) < f(—|¢|) for all ¢, and the equality is

achieved only if either or Z,,, + Z», is zero. Hencet* is nonnegative. Analyz¢(t)

for nonnegative to deduce* = /73, + Z3,. Analogouslyt* = /—Z1,, — Z,, when
Zin + Zay, < 0. Conclude that

tr = S(Zln + ZQn) V |Zln + ZQn’a

where§(t) is the sign functior8(t) = {t > 0} — {t < 0}.

Suppos€Z;,, + Zs, > 0. Observe that whehis nonnegative,

) — F(E) > (t— ) (t+ (t - t*>/3) ,

and the right hand side is bounded belowgz(y — t*)*/Z1,, + Z,. Note that whent
is negativef(t) is positive, and hence the differen¢é¢t) — f(¢*) is bounded below by

2(Zin + Zon)*2.
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Argue analogously for the casg,, + 75, < 0, and conclude that
f(t) - f(t*) > §|Zln + ZQn|1/2 min ((t - t*)27 |Zln + Z2n|> ) (218)

for all  and all sample points.
Let t,, stand forn'/4s,. Note thatt,, minimizes the criterion functio,, which is

defined byn=%/4C,,(t) = V,,(n~Y/4t) — V,,(0). Write approximation (2.17) in the form

Cu(t) = f(t) + 0p(1).

Compare’,,(t,) to C,(t*) to deduce thaf (t,,) — f(¢*) is of ordero,(1). Apply inequality
(2.18) to derive

| Z1n + Z2n|1/2 min ((t — "2, | Z1n + 22n|) = 0,(1).

The random quantityZ,,, + Z»,| is positive with probability tending to one. Deduce that

|t —t*| is of ordero,(1). Go back to the original parametrization to conclude

Sp — n_1/48(21n + Zgn)\/ ’Z1n + Zan + op(n_l/4).

Apply the central limit theorem t07,,,, Z»,,) to deduce the weak convergencespf

n1/45n ~ S(Z) \% ‘ |>

whereZ has anV (0, 4) distribution. This convergence result was also proved by Serinko

and Babu (1992) using techniques that apply only in one dimension.
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2.2.3 Asymptotics: Parametrization by the Centers

Use approximation (2.15) to bound the population criterion function below by a cubic. It
follows from Lemma 5 in Section 2.3 that there exists a positiyesuch that for allh
small enough,

W(c+h) —W(c) > co(h + |hs]?). (2.19)

Letﬁn = (ﬁln,ﬁgn) minimize the functiodV,,(—1 + hy, 1 + hy). To simplify the notation

| will omit the subscriptn for ﬁn. Defineﬁs and}Azd analogously tah, and h,;. Recall
thate = (—1, 1) is the vector of optimal population centers. Apply approximation (1.5) to
write

~

Wa(e+h) = Wa(c) = W(e+h) — W(e) + Op(n~""2[R)).

Apply inequalityW,, (¢ + ﬁ) < W, (c) together with inequality (2.19) and consistency of

c+ h to derive

B = 0,(n"?h))

hi + [hs* = Oy(n™"[n).

Use the first of the equalities above to derive: O, (n~"/4), which impliesh, = O, (n~1/4).
Now use the second equality to dedige= O, (n~3/%).

Recall that there is a unique linear correspondence betweeh,) and(h4, hy). Let
Ch(hs, hq) stand forlV,,(c+h) — W, (c), the empirical criterion function evaluatedcai h.
Note thatC,, is minimized by(ﬁs,ﬁd). Fix a sequence of random neighborhogggshat
satisfy

sup |hs| = Op(n*1/4> and  sup |hy| = Op(nfg/g),
heSn he€Sn

such that: € G, holds with probability tending to one. The following approximation fol-
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lows from Lemma 6 in Section 2.3. There exist a sequence of random univariate functions

a,, such that uniformly irg,,,
Cn(hs, ha) = hg + Op(n=2|ha]) + a(hs) + 0p(n 7).
Use this approximation to compaféb(ﬁs,ﬁd) with Cn(ﬁs, 0). Derive
hg = Op(n™"*[hal) + 0y (n”").

Fix a positiveC'. The above equality implig|{ 24| > Cn=/2} = O,(n~Y/2), which in
turn forces

ha| = O,(n™V?).

Fix a sequence of random neighborho@dsthat satisfy

sup |hs| = O,(n"Y*) and sup |hy| = O,(n"Y?),
heX, hex,

such that: falls in X, with probability tending to one. Combine approximations (1.5) and

(2.15) to deduce
Wo(c+h) —Wy(c) = |h|?/3 = n7V2hy(Z1p + Zoy) + 0,(n3/4).

Observe that oncg, is substituted withs, the above approximation becomes exactly the
same as approximation (2.16) of the sample within sum of squares furigtiomhis is
not surprising sinceé, is the split point defined by the vector h of centers. Repeat the

argument in Subsection 2.2.2 to derive

e =18 Z1 + Zan)N/ | Z1m + Zan| + 0p(n~ ).
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It follows from Lemma 6 in Section 2.3 that
Co(hg, ha) = h3+ h2hg — 02 ha(Z1, — Zoy) + an(hs) + 0,(n71),
uniformly in &X,,. Let S,, stand forZ,,, — Zs, — | Z1, + Z2,|. Observe that
Cou(hs, ha) = h2 = n"2hyS, + an(hs) + 0,(n7Y).
Rewrite the above approximation by completing the square:
Cp(hg, ha) = (h3 — n~128,/2)> = n1S2 /4 + a, (hs) + 0p(n ). (2.20)

Denoten~1/25,,/2 by h}. BecauseS, is of orderO,(1), neighborhoods(, can be as-
sumed, without loss of generality, to contain vectors that correspond to the@n@ih%).
Use approximation (2.20) to compa@a(ﬁs,ﬁd) with Cn(ﬁs,ﬁjl) and conclude thdAtd =

E; + 0,(n"1/%). Thus,

=
|

n_1/48(zln + ZQn) V |Zln + ZQn| + Op(n_1/4)

ha = 0 Y2y — Zon — | Zin + Zan) )2 + 0p(n?),
where
(Zin, Zoy) =2 (l/jf(x + D{z <0}, vi(x—1){z > 0}) ~ N(0,2I).

Recall that?* stands for the minimum value of population criterion functibh Combine

the above approximations I@S,ﬁd) with approximation (2.15) to the functio” and
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Figure 2.2: Two optimal configurations of centers

deduce the following approximation to the distortion redundancy:

W (=14 Ry, 1+ hy) = W* =0~ Z, + Zon*? + 0,(n /).

2.3 A Two-Dimensional Example

Let @ be a distribution on the plane that concentrates on two parallel lines with distance
apart. LetQ put probability one half on each line, and let the conditional distribution on

each line be double exponential. For convenience, introdude,an coordinate system
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Figure 2.3: Within sum of squares as a function of the split line

on the plane. Population distributiénis a product measure on the plapey):

Q™Y = P* x 41,

u{l} = 1/2 andP is the usual double exponential distribution.

wherep{—1}

There are two pairs of optimal population centers (see figure 2.2). The optimal pairs are

[ e3) ande = (¢, 3’

V= (¢

(0,1)}; denote them by

7_1)7

0

)} and{(

{(—=1,0), (1,0
respectively,

signifying that the corresponding split line is either vertical or horizontal.

Figure 2.3 illustrates the dependence of the population within sum of squares on the split

line, which is specified by the coordinatésandU that correspond to the two points of

intersection of the split line with the lines= —1 andy = 1, respectively. The negative
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of the criterion function is actually plotted to enhance the visual presentation.

2.3.1 Population Criterion Function: Horizontal Split

Temporarily omit the superscript for the sét of optimal population centers that split the
plane by a horizontal line. Think efas a four-dimensional vectdd, —1, 0, 1). Consider

a vector of new centerS = ¢ + h in a small neighborhood of. Suppose the points of
intersection of the new split line with the lings= —1 andy = 1 areD andU. The cut
points D and U are very sensitive to small changes/in In fact there exists a positive
constantk” such that

1
ID|AU| > K —.
|

For any partitiorl? = A U A¢ of the plane and any vectér= (b, by) in R? x R? define
W(P,b) = Q*{z € A}z — by |* + {2z € A}z — by|?,

the generalized within sum of squares (compare with the one-dimensional definition). De-
fine the biased squared function analogously. Pestand for the partition of the plane

thatc defines. Observe that

W(e)=W(c) = W(Psc) —W(Pe,c)

= |W(P57) — W(?C,E)] + [W(?C,E) —W(P., )| .

The second difference is just

BY(®.,3) = |h]*/2.
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Bound the first difference by

P*{x > |D| A |U}2|z* + 4) < P*{x > K/|h|}(|z]* + 2).

The last probability goes to zero exponentially fast, hence it can safely be considered

O(|h|?). Conclude that

W (" +nh) —W(cH) =|h*/2+ O(|h)). (2.21)

2.3.2 Population Criterion Function: Vertical Split

Think of ¢" as a four-dimensional vectdr-1,0,1,0). Denote byh = (61, €1,02, €)'

the 4-dimensional vector of incrementsd6. Let ¢ stand forc” + h. Denote the pair

of x-coordinates of by ¢, and the pair of y-coordinates lay. Denote the intersection
points of the new split line with the lineg = —1 andy = 1 by D andU respectively.

Note that these points depend bnDenote the set§D > 0} and{U > 0} by D, and

U, respectively. Denote the closures of the corresponding complemefits and U _.
Because the squared distance between any two points in the plane can be split into the sum
of the x-distance squared and the y-distance squared, the diffeéféfge— 17 (c") can

be split into two parts, the x and the y contributions. The x-contribution is

Subtract and ad@d (D) + V(U)/2 to rewrite the x-contribution as

B*(D,¢,)+ B*(U,¢,) + H(D)+ H(U)| /2. (2.22)
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Let /, stand for(ds, da, €5, €)', Where
55 = (51 +d2)/2, 5d = (51 — 62)/2, €g = (61 + 62)/2, €q = (61 — 62)/2.

Note thath is a linear function of: and vice versa. Fos = O(|h|) use approximations

(2.13) tor,_ and X ,_ to derive
BQ(S,Ex) == 7('5_(73_ -+ 1— (51)2 + 7T5+(75+ —1- (52)2
= [{s>0}1/2+5/2)+ {s <0}(1/2+ 5/2)}
X -{3>O}(—1+3—32)—|—{s§O}(—l—l—s)—l—l—dl}

+ -{s >0}(1/2—5/2)+{s <0}(1/2 — 5/2)1

X :{s >0H1+s)+{s<0}(1+s+s)—1— 52]2 + O(|h|Y).
Collect the{s > 0} terms:
(1/2+5/2)(s — 01 — s*)* + (1/2 — 5/2)(s — 02)* + O(|h|*)
and the{s < 0} terms:
(1/245/2)(s — 01)* + (1/2 — 5/2)(s — 62 + 5%)> + O(|h[*).
Note that the difference between the< 0} and the{s > 0} terms is

(25 — 6, — &2)s* + O(|n|*h). (2.23)
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Rewrite the{s > 0} terms as
(s —81)2/2 — (5 — 61)8% +5(5 — 61)%/2 + (s — 02)?/2 — s(s — 02)%/2 + O(|n|*).

Use approximations

U:5s+€d+5d€d_€s€d+0(’h’3) (2 24)

D= 55 — €q — 6d€d — €564 + O(|h|3)

to derive that orD U,

5d+€d+€d5d+€s€d /2“‘ 5d+6d (55—6d2 (5 _ed)(5d+€d) /2

(53 + ed)(ed — 5d)2/2

)? ( )* +
+(0a — €4 — €40q — €5€4)* /2 — (05 — €4)(0a — €4)*/2

) ( )?
+(04 + €4+ €404 — €5€a)? /2 — (85 + €4)(0a + €4)?/2 + O(|h|).

( )
( )
—|—(€d — 5d -+ edéd — €5€¢q 2/2 — \€q — 5d)(55 + €4
( )

This expression simplifies to
2005 + €5+ 0204 + 0q€5) — 465 + O(|h]h). (2.25)
The remaining terms of the x-contribution () — W (¢") on D, U, are

H(D)+HU) = (D*+U%/3

= ((55 —ea)® + (05 + ed)3> /34 O(|h|")
= 263/3 420,62+ O(|h]*). (2.26)
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Combine approximations (2.25) and (2.26) using (2.22) to derive the x-contribution to

W () —W(c")onD, U,:

63+ €3+ 023+ 0204 — 0563 + daes + O(|h]*). (2.27)

The y-contribution tdV (¢) — W(c") is

1—e)rmy_+(1+ea)rmp. +(1—e)ryr+(1+e)rpy| /21

= € (Ty- +7p-)/2+ &(Tuy + Tp4) /2 + e(Tp- — Tu-) + €2(Tpy — TUy).

On D, U, the y-contribution becomes

(14 U/2+ D/2)/2+ &1 -U/2—D/2)/2
tei(DJ2 — D[4 —UJ2 + U?/4) + ex(U/2 — U? /4 — D/2 + D2/4) + O(|h[*).

Use approximation (2.24) to write it as

(14 04)/2 4+ e2(1 — 6,)/2 + e1(—€q — bgeq + ds€q) + €a(eq + b4eq — d5eq) + O(|h|*).

Simplify this expression to derive the y-contributionité(c) — W (c¢V) on D, U, :

€2 — €+ 25,664 + 26,62 — 26462 + O(|n|Y). (2.28)

Combine approximations (2.27) and (2.28) to conclude th@b ot ,

WY +h) = W(c") =02+ +02/3 4+ 6264 + 20s€s€q + 0sc2 — 6465+ O(|h[*). (2.29)
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Use approximations (2.23) and (2.25) to derive thaforil_,
B*(D,¢,) + BX(U,¢,) = 2(6% + €24 6204+ 04¢2) — 40,62+ (2U — &, — 6)U* + O(|h|*).
Apply expansion (2.24) to rewrite this expression as

2(83 + €5+ 0204 + S4€5) + 2024 + 2¢5 + O(|h|Y). (2.30)
The remaining terms of the x-contribution(¢) — W (c") on D, U_ are

H(D)+H(U) = (D*-U%/3

= (e = 6.+ ) 3+ O

= —20%4 —2¢5/3 4+ O(|h|"). (2.31)

Combine approximations (2.30) and (2.31) using (2.22) to derive the x-contribution to

W) —W(")onD, U_:
63+ €54 6284 + dacs + 2€5/3 + O(|h]"). (2.32)

The y-contribution oD, U_ is

E(1+U/2+DJ2)/2+e5(1—-U/2—D/2)/2
+e1(D/2 — D*/4 —U/2 —U?/4) + 2(U/2 + U?/4 — D/2 + D*/4) + O(|h|*).

Note that this is the same expression as the one for the y-contributi@ih dn minus a

(U?¢4) term, which can be written as
62eq + 20462 + €5 + O(|h]"),
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using expansion (2.24). It follows from approximation (2.28) that the y-contribution to

W) —W()onD,U_is
€2 — €2 — 0%eq + 20,6564 — 20465 — €3+ O(|h|Y). (2.33)
Combine approximations (2.32) and (2.33) to conclude thd@b il _,

W(c¥ +h) = W(c") =03+ €+ 5204 — 024 + 20,6564 — 465 — €5/3+ O(|h[*). (2.34)

FunctionV is invariant to reflection about the line = 0 by the symmetry of the

distribution@®¥. This reflection is given by

01 = —09
51 == €9
52 = —51
L g2 - €1,
which corresponds to
( ~
0s = —0s
bg= 0
@ (2.35)
€s = €g
L gd = —€q .

Note that if a set of centers lies id_U_ then its reflection about = 0 liesin D, U,.
Apply the change of variables given by (2.35) to the expression in (2.29) and deduce that

onD_U_

W(c¥ +h)—=W(c") =03+ €2 — 82 /3+ 6204 + 205€5€q — 0565 — S4¢5 + O(|h|*). (2.36)
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If a set of centers lies itb _U, then its reflection about = 0 lies in D, U_. Use (2.34)

to deduce that o®_U
W(cY +h) = W(c") = 03+ €2+ 0204 + 024 + 20,6564 — Sae5+ €5/3 + O(|h[*). (2.37)

Observe thab, is non-negative oD, U, and non-positive oD _U_. Also note thak,
is non-negative orD_U, and non-positive oD, U_. Combine (2.29) with (2.36), and
(2.34) with (2.37), to conclude that for small

W(c¥ +h)—=W() =
02 4+ €2 4 |053/3 4 0204 + 205€5€q + |05] €2 — dae + O(|h]*), onD U, UD_U_

53 + Eg + 535d + 5§|€d| + 2056564 — 5d€?l + |6d|3/3 + O(|h|4), onD, U_UD_U,.

Note that the union in the top line of this expression can be safely replaced by {é set
lea|}, and the union in the bottom line by the gét| < |¢,|}. Indeed, the difference be-
tween the terms in the top line and the terms in the bottom liG@ds—|e,4])3/3+O(|h|*),

which on the set
(DAL UD) B ] > )| U (DA UDAL) A (] < e
is O(]h|*) by an application of formula (2.24). The approximation becomes

W (e +h)=W(c") = dg+ei+0:0a+20s€sea—0acq+5 (105 +eal)*+[|ds|leal )+ O(|A[).

(2.38)
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2.3.3 Asymptotics: Horizontal Split

Letb, be the set of optimal sample centers. Consistency results (for example, Proposition 1
in Chapter 3) forcé,, to converge to the pair of set§, ¢ with respect to the Hausdorff
metric. There exists a sequence of positive humbgrgoing to zero, such that with
probability tending to one,, is within r,, of eitherc” or ¢ in Hausdorff metric. Leb!

andb) minimize W,, over the Hausdorff balls of radiug aroundc” andc" respectively.

Then with probability tending to one,

b, = argmin W, (b).

be{bH bY}

FunctionlV is approximated by a nonsingular quadratic in (2.21), tHusonverges te”

at the usuah /2 rate:

n'2H — My = ZH 1 0,(1), (2.39)
where
{y <0}
0
ZH = oyruy
{y >0}
0

In fact, the y-coordinates of the centers in theetonverge to the y-coordinates of the

centers in the set’ exponentially fast.

2.3.4 Rates of Convergence for the Vertical Split

Asymptotic behavior ob) is less trivial because, as seen from approximation (2.38), a
nonsingular quadratic lower bound of the population criterion function can not be estab-

lished. Instead, the following bound holds.
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Lemma 5 There exists a positive, such that for all, small enough,
W(e +h) = W) > co(0h+ € + 5[ + leaf?). (2.40)
Proof: It suffices to show that the sum
G3/4+ €[4+ |0:° /T + eal® /T + 6200 — du€l + 205¢5€4 (2.41)
is nonnegative foh small enough. Use equalities

05/4+ 0200 — bae; = (0a/24 02 —€3)* — (02 — €)%, and

/44205660 = (€5)2 + 205€4)* — 46262,
to bound the sum (2.41) below by
16s1°/7 + leal® /7 — (67 — €2)* — 487¢5.

The last expression is nonnegative forfaBmall enoughl]

Search for the minimizer df/,, among the setsthat are within the Hausdorff distance
r, Of the set:V. As before, writer = ¢ + h. The 4-dimensional vector of incremerits
corresponds to the vectbr— (05,04, €5, €4)'. Each element ok and#h is bounded above
in absolute value by,,. Denote byN,, the 4-dimensional square that is centered at zero
and has side length, /2. Denote byC,, (1) the differenceV,,(cV + h) — W,,(¢"). Write

it in the following convenient form:

Co(h) =W (" +h) = W(") +n Y207 <¢(z, " +h)—o(z, cV)) : (2.42)
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It follows from Pollard (1982a) that

i (60" 1) = 62, ¥) ) = HIE (),

wheresupy, K,(h) = O,(r,). | use stochastic order symbols rather than explicit func-

tions of» andh. Approximation (2.42) becomes

Co(h) =W (Y 4+ h) =W () + O, (n""?n)), (2.43)

uniformly in N,,.
Suppos&n = (3\578\d7€s7€d> minimizean(%). Let n be large enough for the lower
bound (2.40) to hold ifN,,. Use this lower bound and approximation (2.43) to compare

~

C,(h) with C,,(0) and deduce that
co(0a? + &2 + [0, + [6l*) < Op(n~"2[h]),

uniformly in N,,. Concludek = O,(n"*/*) and hence, applying the above inequality

again,

-~

(0s,€4) = Op(n~"Y) and (34,2) = O,(n~3/%).

Fix a sequence of random neighborho§gghat satisfy

sup |0, V |eal = Op(n™"*) and sup [d4| V |e.] = O,(n~/®),
heSn P,

such thatg,, C N, andh € 9,, with probability tending to one. Localize the search fior

and consider vectorisin G,,.

38



Pollard (1982a) provides a more precise form of approximation (2.43):

Co(h) = W(c" +h) =W(c") = n Y21 Z, + o,(n~"?|n]), (2.44)
where
z+1
{z <0}
Yy
Ly = 2059 ,
z—1
{z >0}
Y

and the approximation is uniform 4,,. The error of the approximation @, is op(n—3/4),
which is not good enough to derive asymptotics&f ¢;). The following lemma refines

the error terms in (2.44) for the specific problem at hand.

Lemma 6 The random part of approximation (2.44) can be written as a sum of some
random function of§,, e;) and a0, (n~/2|(d4, ¢,)|) quantity. As a result, uniformly in

Sn,
C(h) = 53 + € + Op(n™" 2|80, €)]) + an(0s, a) + 0p(n "), (2.45)

wherea,, (Js, €4) is a random function of; ande,.

Proof:  Write approximation (2.44) as

Co(h) =W (" +h) = W(c) =n V2N Z, + n Y27 R(2, %, h). (2.46)

Splitthen=1/2h’ Z,, term into a random function @, ¢,) and the uniforn©, (n='/2|(54, €,)|)
quantity.
The O(|h|*) term in the formula (2.38) for the increment of the functi®hmay con-

tain factors ofé? andej. The rest of theD(|h|*) terms areo(n~!) uniformly in G,,. The
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non-random contribution to the approximation (2.46) becomes
W(c" +h) —W(c") =03+ e+ ar(0s,€q) +o(n 1),

uniformly in G,,, wherea, (s, €;) is a deterministic function of just, ande,.
Let ‘(¢1, 2] stand for the interval (or the indicator of the intervéd) A ty,t, V to].

Denote the closed half-plade: < 0} by H_, the open half-planéz > 0} by A, and let
A=(0,D] x {-1}U (0,U] x {1}.
Observe that

R(z, % h) = |m[PH_\ A+ |ho?H, \ A

+ (]z —cy —hyl? — |z — ) |* + 2R, (2 — c}/)) AH_

+ (|z —cf — | — |z —cy P+ 2k (2 — CQV)) AH,.
Rewrite this expression in terms bf

R(z, ¢ h) = 02+0;+ € + €+ 2(000 + eseq) (H- — Hy)

—4(x — x6q — 05 — yeq + 0s0q + €s€q)(AH_ — AH,).

Note thatv,(AH_ — AH.) = o,(1) uniformly overh in N,,. This follows from ap-
proximation (2.24) and either the strong approximation to the empirical processggoml
Major, and Tusady 1975), or an application of Theorem 7 in the appendix . It follows

from the usual central limit theorem that(H_ — H. ) = O,(1). Use the partition
A=(0,05s —€q] x {=1}U (0,05 + €q] x {1} U (65 — €4, D] x {—1} U (05 + €4, U] x {1}
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along with approximation (2.24), to deduce that uniformhgin

n_l/QV”’yR(z, c“ h) =
bn(0s, €2) + 0p(n1)

+0,(n" MY, (H- — Hy) (0 — €g, D] x {=1} + (6, + €4, U] x {1}],

whereb, (ds, €4) is a random function of jusi; ande,. Approximation (2.24) for the
crossing points of the split line implies that the length of interyals— ¢,;, D] and(ds +

es, U] is of orderO,(n=°/%). Use oscillation properties of the empirical process from
Shorack and Wellner (1986, page 765) to conclude that the last term in the equation above
is 0,(n~1) uniformly in G,,. O

Use approximation (2.45) of Lemma 6 to compéﬁe(gs,gd,afd) with Cn(gs, 0,€4,0)

and derive

0a? +8.2 = 0p(n (00, @) + 0p(n 7).

Fix a positiveC. The above inequality yields
|Ga @) {I(Gs)] > Cn /2y = 0,(n 1),

which guarantees

(60 8)| = Op(n~Y/2).

Confine the search fdb,, ,, ., ¢,) to the sequence @, (n/4) x O, (n"/2) x O, (n~1/2) x
O, (n~1/*) neighborhood$X, } with X,, C G,,, such thah € X, with probability tending

to one.
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2.3.5 Limiting Distribution of (gs,?d)
Combine approximations (2.38) and (2.44) to deduce that unifornikg,in

3

|5S| - |6d| - n_1/2<557 €d)}/n + Op(n_3/4)a (247)

3
Cu() = 1 (|as| ; |ed|) 1

where

r+{x <0} —-—{x>0
Yn = (Ynla YnQ)/ = 2V7f7y { } { } . (248)

y{r <0} —y{x > 0}
Letu = n~V/45, andv = n~4¢,;. As h ranges ovefk,,, vector(u, v)’ ranges over a

neighborhoodB,, in R%. Note that the sequence of the diameter§®f } is O,(1). Define

3

uf —[ol| , and

3
guv) — %(rumm) i

flu,v) = glu,v) —uYy —vYoe.

Note that functionf is random, because it depends on the sample. The bivariate function
g is symmetric and invariant to sign changes of its coordinates. Thus, if one knows the
values ofg on an octant, for example,> v > 0, one knows the values gfon the whole
plane.

Define the functior$(z) by $(z) = {z > 0} — {z < 0}. The following lemma locates

the minimum of the functioryf.

Lemma 7 For each fixed sample the minimumjofs unique. The random poirt*, v*)

that minimizesf is given by

1/2

]

1/2

J

w* = 28V [([Yar] + [Ya2 )2 4 8(|You| — |Yaz!) "Yn1| — Vil

(2.49)

v = L8(Vo)[([Yoal + [Yaa) 2 = 8(¥iu| — (Vo] ]ml\ Yol
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whereY,,, Y, are defined by formula (2.48).
There exist nonnegative random variablgg and &, whose limiting distributions

concentrate on the positive half-line, such that for.aind v,
flu,v) = fu',v) = | (Ju =@ P + o = 0" P)un | A &an. (2.50)

Remark.  To simplify the notation | omit the subscript for the variablesu*

andv*.

Proof:  Fix the values ot},; andY;,; to makef a function of just, andv. Since
3
12 bl = laYaa] = o¥ial 2 3 (Jul+ bl ) = fu¥oal = oY),

the large values of andv do not matter in the minimization of, and it would not be a
loss of generality to assume that the minimization occurs over a large ball centered at the
origin.

First, supposé&’,,; > Y,» > 0. Becausef = g — uY,,; — vY,5 andg is invariant to
sign changes of its coordinates, all the minimgfdfe in {« > 0,v > 0}. Symmetry of
g further confines the minima to the 98t = {u > v > 0}, the first octant of the plane
(u,v). The second derivative gfis given by the matrix

Of (u,v) ()

GIY) o
Oudv ’
vou

which is positive definite in the interior of the first octant. Equate the first derivatiye of
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to zero, to conclude that the only local minimum in the interior of the9sas given by

U* = (Ynl + Yng)l/z + (Ynl — Yn2>1/2 /2
(2.51)
vt = (Ynl + Yn2)1/2 - (Ynl - Yn2)1/2 /2

Comparef (u*,v*) the values off on the boundary of the first octant. Observe that the
unique minimum over the sét. > v = 0} is achieved at: = Y/, the unique minimum
over the sefu = v > 0} is achieved att = v = %(Ynl + Y,2)'/2, and the corresponding
values of functionf are

min{quzﬂ} f(u7 U) = _§Y1131/2

(2.52)
min{u:vZO} f<u7 U) = _%<Yn1 + Yn2>3/2-

Invoke convexity of the power function with positive exponent to conclude that
Fuv*) = =2 (Vo1 + Yi2)¥? + (Yor — Yi2)?) (2.53)

is no greater than either of these values. The equality only occiifs #qualsy,,, or if

Y,» equals zero. In both cases the pdiat, v*) coincides with the unique minimum over
the boundary of the sé1,. Conclude that the formula (2.51) gives the unique minimum
of f inthe cas&’,; > Y, > 0.

Consider a more general ca3é;| > |Y,2|. The equality

g(,v) — u¥ — oYy = g (8(Yn1>u, smg)v) S (Y )ulYoa — 8(Yaa)ulYia
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implies that the unique minimum of the functigns given by

S(Yo)u* = | (|Yar] + [Ya2D) Y2 + ([Var| — [Ya2]) /2] /2

$(Yu2)v* = |(IVar| + [Ya2)/? = (|Viu] = [Ya2l) 2| /2.
In the caseY,,;| < |Y,2| use the symmetry of the functignto derive

S(Ya)u' = | (Yool + [Yir )2 = (Waa| — [Yo])V/?| /2

S(Yn2)v™ = | (| Vo] + |Ynl|)1/2 + (|Yn2| - |Ynl|)1/2 /2.

It is only left to establish lower bound (2.50). Fix the sample, and suppose that
Y1 > Y, > 0, and thusu* > v* > 0. Establish the bound for points 0, that is
foru>v > 0.

Denoteu — u* by h,, andv — v* by h,. Observe that

flu,v) = f(u',v*) = whl + 20 hyhy, +u*hl + 1B + hyh

= (u = v")(h2 + h2) + v*(hy + hy)* + 1h3 + B 2.
In the case/* > v* bound the differencé(u,v) — f(u*, v*) below by
S —0")(hE + BY) = §(Yar — Yoo) V(R + h3) (2.54)
for all (h,, h,) small enough. In the caseé = v* the difference becomes

flu,v) = f(u',0) = 0" (hy + ho)? + 5h + hal,
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If h, andh, are the same sign, bound the difference below by
30t (R + 1Y) = (3Yu) 2 (h5 + 1) (2.55)

for (hy, h,) small enough. If,h, < 0, useu > v andu* = v* to deducer,, > 0, and
bound the difference below by

(|h]® + |ho|®) /6. (2.56)

Let B, denote the open ball of radiy%},; — Y;2)'/?/50 centered afu*,v*). Com-
bine bounds (2.54), (2.55), and (2.56), to conclude that the following lower bound holds
on B,0y:
flu,v) = f,07) > §[(Yar = Yao) 2 AL ([ha* + [Bo]). (2.57)

Defines, = £[(Ya1 — Ya2)2 A 1].

Since(u*, v*) is the only local minimum of in the interior ofO,, and the large values
of v andv do not matter in the minimization, the minimum gfover (B,0,)¢ must be
achieved either on the boundary B£O, or on the boundary ofO,. Apply formulas

(2.52), (2.53), and (2.57) to deduce the following lower bound®r0, )*:

f(u, U) — fu*,v") > ¢ (Ynl + Yn2)3/2 + (Yo — Yn2)3/2 - 2Y7§1/2

/\(Ynl - Yn2)3/2 A (Ynl - Yn2)2a

wherec is a positive constant. Denote the random quantity on the right hand side of the
last inequality by¢,,,.

Combine the lower bound of,0; with the bound on(B,0;)¢ to deduce that for
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u*>v*>0andu >v >0
f(ua U) - f(u*a U*) Z (|U - U*|3 + |U - U*|3)€1n A §2n‘ (258)

Use the properties of to extend this lower bound to the general case. Random variables
&1, and &y, are nonnegative. Sincg’,;, Y,2) converges to a non-degenerate bivariate
gaussian distribution, the limiting distributions&f, and¢,,, assign probability one to the

positive half-line.[]

Write approximation (2.47) in terms efandv:
G (R) = f(u,v) + 0p(1),

uniformly in &,,. Let (7,7) and (67, ;) stand forn'/4(d,, ;) andn=/*(u*, v*) respec-
tively. Note that* ande; are of ordeiO, (n~'/4). Go back and change the neighborhoods
N,, §,, andX,,, to make sure that* = (0%, gd,a,,, e;) lies inX,, with probability tending

to one. Comparé’,, (h) with C,,(h*) to deduce that
f(w,v) < fu',v") + 0p(1).
Combine the last inequality with lower bound (2.50) from Lemma 7 to conclude
(18— w'? + [0 = ") | A &2n = 0p(1).
Denote the expression on the left-hand sidexhyUse the bound

P{d —u* PP+ |0 —v*]? > €} < P{lay, > eé1n} + Py, > &)
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for every positive:, and the limiting properties df,,, &, to derive

@ — '] 4[5 — o] = 0,(L).

It follows that

-~

6 = n V4 +0,(1)

w

(2.59)
€ = nVr +o0,(1),

where the expressions fat, v* are given by formula (2.49).

2.3.6 Limiting Distribution of (Jy,,)
Recall approximation (2.44), which holds uniformlydg,:

C(h) = W(c¥ +h) = W(c") =~ 20 Z, + o0y (n™"72|n)).

Lemma 6 splits the,(n~'/2|h|) term into a random function @, ;) and ao,(n ') term

uniformly in G,,. Apply expansion (2.38) to rewrite the above approximation as
Cp(h) = 82 4 €2 + 6204 + 20,6564 — 6462 — ™ 2(84, €)' T + b (05, €q) + 0p(n 1),
uniformly in &,,. Hereb,, (Js, €4) is some random function @b, ¢,), and

/ o [T+ a{z <0} —2{z >0}
T, = (Th1, Tho)' = 20" . (2.60)

Y

Let S = (S1,5,) stand fori (T,,; — u? + 0%, Tp,o — 2uv)’. Apply formula (2.59) to derive

C (0, 84, €5,64) = 02 + €2 — 20" 2(84,€,)'S + b (65, 1) + 0p(n71),
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uniformly in X,,. Complete the square and write the above approximation as
C (0,84, €5,64) = |(8a, €)' — n 282 — 0S| + by (85, €4) + 0,(n1).

Note thatS; and S, are of orderO,(1). Go back and change the neighborhodésS,,,
and X, to make sure that the vectef = (3,,n~Y/2S;, n"1/25,,€,)" lies in K, with

probability tending to one. Compa@(ﬁ) with C,, (h*) to conclude that

b = n VT — (W) + (v%)2)/2 + 0,(1) (2.61)
€& = nV3(Thy — 2u™v*) /2 + 0,(1),

where the expressions faof, v*, T,,;, andT,,,, are given by formulas (2.49) and (2.60).

2.3.7 Asymptotics of Optimal Empirical Centers

Recall that the following equality holds with probability tending to one:

b, = argmin W, (b).

be{bl bY }

Write approximation (1.5) for the empirical criterion functidii, nearc” and combine
it with approximation (2.21) for the population criterion functitn and approximation

(2.39) for the centers’. Deduce that

Wa(by) = Wa(ey) = Op(n™h).

n

Combine approximation (2.47) for the empirical criterion functidéi with approxima-

tions (2.59) and (2.61) for the centéfs and deduce that

Wa(by) = Waley) = Op(n/1).
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Conclude that if}/* denotes the minimum of the functid#, the following approximation

holds:
nl/2 (Wn(bf) — W, Wn(bx) — W*) = (gb(z, cg), o(z, 07‘;)) + Op(n_1/4),

Use this approximation together with approximations (2.39), (2.59) and (2.61) to derive

the limiting distribution for the sequence of vectors
(00 1) = WL 20, 0 = W) — ).

With probability tending to one, the set of optimal sample cenigrsoincides with ei-
ther b2 or b2, The probability ofb, = b converges to the probability of;, < A,
where(A;, A,) is the weak limit ofv? (gb(z, cH) ¢(z, c}{)). Observe thatA,;, A;) has a

centered gaussian distribution with covariance matrix

20 12

12 8

and thus the probability df, = b’ converges td /2.
Combine approximations (2.21) and (2.38) for the population criterion fundtion

nearc” andc" with approximations (2.61) and (2.61) fgf andb! to deduce that vectors
(nbv o) = et - )

settle down to a non-degenerate two-dimensional limiting distribution. Hence, distortion

redundancyV (b,,) — W* can be said to have two different rates at which it settles down.
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Chapter 3

k-Means Asymptotics when Population

Solution is Not Unique

In this chapter | establish some general results that handle non-uniqueness of the popula-
tion solution. In addition to consistency | prove an'/? rate of convergence result and a

central limit theorem.

3.1 Consistency

The following proposition is an extension of the main result in Pollard (1981). Itis a

natural extension and it has been recognized before (see, for example, Pollard 1982b.)

Proposition 1 SupposeP is not concentrated on a set of points of cardinality smaller
thank. The seb, of optimal empirical centers converges almost surely to thé'settall
population minima:

min H(b,,a) — 0 a.s.
acC
Proof:  The consistency proofin Pollard (1981) did not use uniqueness of the population

minimum to establish the following facts for almost all sample points:
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(i) All the optimal sample centers eventually lie in some compact refion R

(i) W,(b) — W (b) converges to zero uniformly over,, a collection of all nonempty

subsets ofK that contairk or fewer points.
(iii) W (b) is continuous or&;, with respect to the Hausdorff distance.

Note that continuity of functiom?” implies compactness af with respect to the Hausdorff
metric. Fix a sample point for which the above statements are true and take any positive

Consider the following compact set:
F.={beé&: migH(b,a) > €}
ac

The minimum of the population criterion functid#i on the set,, call it m(F.), is strictly
greater thari/*, the global minimum of¥’. Suppose that for all in &, the difference
W, (b) — W(b) is less thanm(F,) — W* whenevem is greater than some,. Then, forn

greater tham, the seb,, of optimal sample centers lies outsidefof [

3.2 Rate of Convergence

Recall the approximation to the empirical criterion functidh given by Pollard (1982a),

which holds for each elementof the set”:
Wo(a+h) — Wy(a) = W(a+h) —W(a) —n 20 Z,(a) + 0,(n""?0]).  (3.1)

Aset{ay,...,a;} of centers partition®< into k polyhedral regions, the regiof; associ-
ated witha; consists of those closer toa; than to any other center. This partition is called
Voronoi tesselation and the regions!; are calledvoronoi polyhedra. The assignment

of boundary points of a Voronoi polyhedron to one of the closest centers can be handled
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by a tie-breaking rule. Random variabl&g(a) in approximation (3.1) are defined as

v2A(z,a), whereA(x, a) is anR* vector given by

Az, a) =2 (Al(x—al),...,Ak(a:—ak)). (3.2)

The precise convention for allocating the boundary points of Voronoi polyhedra associated
with « is unimportant, as will be seen from Lemma 8.

Pollard (1982a) derives approximation 3.1 by extracting a linear termfrom the
empirical process*¢(z,a + h). Recall thaty(z,b) gives the squared distance fram
to the closest point ih. Note thato(z,a) as a function ofr is non-differential on the
boundaries of the Voronoi polyhedra associated with the boundary of a Voronoi poly-
hedron contains positive probability, may no longer be differentiable atin quadratic
mean. Pollard (1982a) was interested in a central limit theorem for distributions that have
continuous densities with respect to Lebesgue measuRé.itde derived approximation
(3.1) under the assumption that the boundaries of the Voronoi polyhedra associated with

contain zero probability. The following lemma shows that this assumption can be dropped.

Lemma 8 Suppose’ has a finite second moment and does not concentrate on fewer than
k points. Suppose that a setminimizes thek-means criterion functionV. Letk be
greater than one. Then the boundary of each Voronoi polyhedron associated tath

zero P measure.

Proof:  Start with the simplest case of two mean®ih Leta; anda, be an optimal pair

of centers. Denote the mean Bfby 1. Define regionsd; and A, by

A = {peR: |z —a]* < |z —ao’}

Ay = {zeR: |z —a)? < |z —a|}.
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Observe that regiongl; and A, are the interiors of the Voronoi polyhedra associated

with a. Denote the intersection of the closures/gfand A, by A,,,. In other words,

Apn=ANAy={zecR: |z —aq* = |z — a]?}.

Let p; andp, stand forPA; and P A, respectively. Denote the conditional means4gf
and A, by b, andb, and the conditional means df, and A, by ¢; andcs.

Suppose that, contrary to the statement of the lenffrassigns positive probabilitsx
to the hyperplanel,,. Observe that equaliti€g,, as) = (b1,b2) = (1, ¢2) can not hold

simultaneously, because otherwise the equalities

(p1 +A)as +paz = p

prar+ (p2 +A)ay = p

would lead toa; = ay. Suppose without loss of generality that, b2) # (a1, as). Note
that PA, and PA, are both positive because is not concentrated on just one point.

Observe that

W(ar,as) = Pz —a1)? A (x — ay)?
= P{rc A}z —a)*+ Pz c A}z — ay)?
= Pz e A}(z—b)*+ PA(by —a1)* + P"{x € Ay}(z — by)? + PAy(by — ay)?
> Pz € A}z —b)*+ P{z € Ay} (x — by)*
> Pz —b)* A (z— by)?

- W(b17 bg)

The resulting strict inequality contradicts the assumption that the(pait,) minimizes
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the functionl¥. The proof caries over to the general case with minor adjustments. When
k is greater than two, work with a particular pair of centers and substitute hyperplane

with the face of the corresponding Voronoi polyhedrh.

Approximation (3.1) is uniform over shrinking neighborhoods of a population mini-
muma. To handle the empirical criterion function in a neighborhood of the whole collec-
tion of minima, | will show that the remainder terms in (3.1) are small uniformly over the

setC'. The following lemma makes this statement precise.

Lemma 9 LetR, (a, h) be defined by

Wi(a+h) —Wy(a) = W(a+h) — W(a) —n V20 Z,(a) + n~ V2R, (a, h). (3.3)

The following approximation holds for any sequeticg} of positive numbers decreasing
to zero:

sup  |Ru(a, h)| = o0,(1).

a€C,|h|<rn

Proof: Note thatR(a, h) = vZR(x,a,h), whereR(z, a, h) is defined by

o(x,a+h) = ¢(zx,a) + W A(x,a) + |h|R(z, a, h).

Consider a clas§ of functions R(-, a, h) with a ranging over the sef’ andh in some
bounded set. Follow Pollard (1982a) to conclude that each function in this class can be

written as a sum of? members of the clags of functions with the following properties:

(i) eachg in G is of the formg = L(Q whereL is a linear function and) is a convex

region expressible as an intersection of at n2ésbpen or closed half spaces.

(i) G has a square integrable envelope.
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Theorem 7 in the appendix implies that the empirical prodesg : f € F} is stochas-
tically equicontinuous at zero. The only thing left to show is that@ends to infinity,

functionsR(-, a, h) go to zero uniformly with respect to thig,(P) norm, i.e.

sup ||R(-,a,h)|l2 — 0 as n — oo. (3.4)
a€C,h|<ry
Consider aru in C. Label the points in the setby a1, as, . . ., ax. Define

E.(a)={z €RY st |z—a*V|r—a;]* < é(x,a)+3r, forsome i+#j}. (3.5)

SetsE, (a) consist of points nedfa), the boundary of all the Voronoi polyhedra associated
with a. Note that as: tends to infinity,£,,(a) converges td(a) pointwise. Forlh| < r,

bound the contribution t&(x, a, h) on the set,, (a):
R(z,a,h)E,(a) = |h|*En(a)¢ < |h[%.
Use the above inequality to bound the(P) norm of R(-, a, h):
IR(,a,B)ll2 < ||R(-, a, h) En(a)ll2 + |A]".
The second term on the right hand side does not depenchad can be easily handled:
sup  [|R(a,h)a < sup  ||R(,a,h)En(a)llz + 7.

aGC,|h|S7‘n aGC,lhlS’l‘n

Since the class of functiodsk(-,a, h),a € C, |h| < r} has a square integrable envelope,
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it is only left to show that

sup PE,(a) — 0, as n — oo, (3.6)

acC

to establish convergence (3.4).
For each fixed population minimum indicator functions¥,,(a) converge pointwise
to [(a), the boundary of all the Voronoi polyhedra associated witlBy Lemma 8 there

can be no mass dita), hence

PE,(a) — 0, as n — oo. (3.7)

The above convergence together with compactness of the iseply (3.6) if for all ¢ and

n the sets{a € C' : PE,(a) < €} are open. Thus, to complete the proof of the lemma it
is only left to establish the upper semicontinuity with respect to the Hausdorff metric of
PFE,(a) as functions ofi. An equivalent property is lower semicontinuity B¢ (a). By
Fatou’s Lemma,

liminf PE;(a) > Pliminf E(a), (3.8)

a—b a—b

where the convergence is understood with respect to the Hausdorff metric. Note that

liminf ES(a) > EX(b). (3.9)

a—b

Indeed, suppose belongs to the set’(b). Label the points irb by by, bs, ..., b in such
a way thaty(z, b) is exactly|r — b;]?. Then, by definition (3.5) of the sefs, (), there

exists a positivé, which depends om, such that

|z —b;]* > ¢(x,b) +3r, +6  forall i>2.
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Consider am with H(a,b) < 6/5. Suppose thai is small enough to ensure that the

labeling of the points i induces a unique labeling of the pointsinObserve that

lz —ai]* < é(z,b)+6/5

lz —a;]* > o(z,b) +3r,+46/5  forall i>2,
and hence

e —a* = ¢(z,a)

lz —a;|* > ¢(x,a)+3r,+35/5  forall i>2.

Deduce that belongs to the séft,,(a)° for all « in a small enough Hausdorff neighborhood
of b. This completes the proof of inequality (3.9). Combine this inequality with inequality
(3.8) to conclude

lim iglf PE¢(a) > PE:(b).

Thus, functionsPE¢ (a) are lower semicontinuous with respect to the Hausdorff metric,

which completes the proof of the lemmnia.

Definition 4 For a compact set in R¢ and a compact subsét of the space of compact

sets inR¢ equipped with the Hausdorff metric defidg(b, F) by
dy(b, E) = Ielél]gl H(b,e).

Call dy (b, E) the ‘Hausdorff distance frorhito £°.

Theorem 1 Consider an epsilon neighborhood of the €eof all population minima:

NA(C) = {b: du(b,C) < e}
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Let W* denote the minimum value &f, which is achieved on'. Suppose there exist a

positivee such that
. Wi(b) — W+
f —— ) 3.10
be%\lfi(C) dy (b, C)? >0 (3.10)
Then the distance from the sample minimiyfto the set”' of all population minima

decreases at the,(n~1/2) rate:
i (b, C) = O, (n~1/?).

Proof: Denote the positive quantity on the left hand side of inequality (3.12).6yhe
sample optimund,, minimizes the empirical criterion functiow,,. Letb’ be a set inC
that satisfies

H(b,, b)) = dy(b,, C).

Consistency ob,, implies that there exist a sequence of positive numbgmdecreasing
to zero, such that/ (b,,b) < r, holds with probability tending td. Without loss of
generality, suppose tha}, is less thar. Also suppose that, is small enough to safely
write |b, — b%| rather thanH (b,,b:). Use approximation (3.3) to make a comparison

betweenV,,(b,,) andW,, (b ):

= W(by) — W) —n~V2(b, — b2) Z, (b)) + n 2 |b, — b5 | Ru (b2, by, — bE).
Deduce that

W (ba) = W(0;) < 0”2 (by — b,) Za (b)) — 02 {by — by | R (b7, b — 7).

Note thati¥ (b)) = W*. By inequality (3.10) the differenceé’(b,) — W (b};) has a lower
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bound ofa|b,, — b%|?. Conclude that
an1/2|bn - b2|2 < by = b1 Zn(b3)] + [br — by || R (by,, b — b

and hence

an'?dp (by, C) <sup|Z,(a)| +  sup  |Rn(a,h)|.

acC a€C,|h|<ry,

Apply Lemma 9 to handle the last term. It is only left to show that

sup | Z,(a)| = O,(1). (3.11)
acC

Note that{~Z,(a),a € C} is the empirical process,(-) indexed by a collection aR*-
valued functions\(-, a) defined by (3.2). Coordinate functions &f-, «) are members of
the class¥ defined in the proof of Lemma 9. Apply statement (ii) of Theorem 7 in the

appendix to derive (3.11).]

3.3 Central Limit Theorem

Theorem 2 Suppose that for eachin C there exists a symmetric matriXa), such that

ash tends to zero,
sup |[W(a + h) — W(a) — R'T'(a)h| = o(|h|?). (3.12)
aeC

Let )\, be the smallest positive eigenvalud¢f). Suppose that

inf A, > 0. (3.13)
acC
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Letker™ I'(a) be the orthogonal complement to the linear subsgace R*¢ : I'(a)z’ = 0}.
Denote byK (a) the collection of sets represented®i? by ker" I'(a) 4 a. Suppose that
there exists am, such that

N(C) C | K(a), (3.14)
acC

and for eachb in N, there exists &* that achieves the Hausdorff distance frérno C,
such that

be K(b). (3.15)

Then for eachn there exists a random proce$é,,(a),a € C}, such that ifa, is

defined as the minimizer &F,,(a + h,(a)) over alla in C, then
by = an + hy(ay).
Asn goes to infinity, the processes
n'/? { (Wn(& + hn(a)) — W* + Plz|* — P,|z|?, hn(a)> ,a€ C}
converge weakly to the centered gaussian process

{(Y(a),X(a)) , € C}

that takes values iR x R*. In addition, random variables, converge weakly tergmin Y (a).
C

Proof:  \erify that the conditions of Theorem 1 are satisfied. Without loss of generality,
suppose thatis small enough to safely use tRé&?-representation in the neighborhag

For alla in C and all nonzerd in R*? definer(a, h) by

W(a+h) —W(a) — R'T(a)h = |h|*r(a, h).
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Without loss of generality, assume thas small enough to guarantee

sup |r(a,h)| < ingv Aa- (3.16)
ac

a€C,|h|<e

Fix a seth in N.(C'). Letb* be a set inC' that achieves the Hausdorff distance frono C'

and satisfies condition (3.15). Observe that

W(b) — W(b*)
> —a).
HOb e = Ao +7(a,b—a)
Deduce that
W(b) — W*

inf

> — _ .
vetlo) gz 2 A= Ira,b—a)l >0

The last inequality follows from the lower bound (3.16). Hence, by Theorem 1, the em-
pirical minimumb,, approaches the sét of all population minima at the rat@,(n1/2).

Let, be a0, (n~*/?) sequence of positive random variables, such that
b, € N, (C).
For allr > 0 and alla in C define setds,.(a) by
K.(a)=A{b: be K(a) and H(b,a) < r}.

It follows from assumptions (3.14) and (3.15) that for eaahN,,, (C) there exists &* in

C, such that lies in the seti<,, (b*). Hence,

for all n. Split the minimization ofi¥,, over N, (C) into two parts: minimization over
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K., (a) and minimization over alt in C'.

Consider a population minimum Fix an orthonormal basis iker" I'(a). For any
vectorh in R* let i be the coordinate form df written with respect to this orthonormal
basis. Letl'(a) be the coordinate form of linear operafiofa) with respect to the same

orthonormal basis. For evenyin C and every: in ker™ I'(a), the quadratic approximation

to the population criterion function has the form
W (a+ h) = W(a) = K'T(a)h + [h[*r(a, h).

Write the quadratic approximation to the empirical criterion functiofifa):

Wo(a+ h) — Wy(a) = R'T(a)h —n~?K Z,(a) + |h|*r(a, h) +n~?|h|R(a, h). (3.17)

Lemma 9 guarantees thatp,. |R(a, h)| = 0,(1) holds uniformly ovefh| < ~,. Con-
dition (3.12) implies thasup,. |r(a, h)| is o(1) ash goes to zero. Refine approximation

(3.17) in the sef(, (a):

W(a+ h) — Wy (a) = KT (a)h — n Y21 Z,(a) + op(n~"). (3.18)

The remainder term is,(n~!) uniformly over alla € C' and|h| < v,. Leth,(a) be the

deviation froma of the empirical minimum Nk, (a):

hy(a) = argmin W, (-) — a.

K’Yn (a‘)

Use the standard comparison argument to deduce

ha(a) = 3n ' PT(a) " Zu(a) + op(n~"?),
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uniformly over alla in C'. In the original coordinate system,
h(a) = n~12€,(a) + 0,(n~1?), (3.19)

where¢, (a) is the R* coordinate form of%f(a)*lzl(a). Thus, ¢, (a) is of the form
L(a)Z,(a), whereL(a) is a deterministi®*? x R*? matrix, which does not depend an

Approximation (3.18) implies that uniformly overin C,
Wi (a+ ha(a)) = Wa(a) — 2n7'T(a) " Z,(a) + op(n71).

Equation (3.11) together with inequality (3.13) gixey, .- [T'(a) ™ Z,.(a)| = O,(1). Con-
clude that

n'/? (Wn(a + ho(a)) — W*) = vio(x,a) + Op(n™'?),

uniformly overa in C. Recall thatZ,(a) is defined ag/*A(x,a). Apply approximation

(3.19) and deduce that the weak limit of the sequence of processes
n'/? { (Wn(a + hn(a)) = W* + Plz|* — B,|z|, hn(a)> , a € C}
is the same as the weak limit of the sequence

{yg (qb(x,a) - |x\2,A(x,a)) L ac€ O} . (3.20)

Functional classe§s(-,a) — | - |>,a € C} and{A(-,a),a € C} satisfy the conditions

of Theorem 7 in the appendix. By the functional central limit theorem (statement (iv)
of Theorem 7) sequence (3.20) of stochastic processes converges in distribution to a cen-
tered multidimensional gaussian process. Apply continuous mapping theorem to derive

the weak convergence af,. Note thata, converges as a random element of the metric
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space(C, p), wherep is a pseudo-metric (see example 5) defined by

plar, as) = P*lp(z,a1) — ¢($aa2)}2‘

To formulate the convergence of, in terms of the Hausdorff metric, use the almost
sure representation (Dudley 1999, Theorem 3.5.1). Recall that nagtris defined by
dy(ag, A) = minge4 H(ag,a), Wherea is a set andA is a collection of sets. Dudley’s
almost sure representation provides a probability space on which copigscohverge
almost surely with respect iy to theargmin a gaussian process with the correct distri-

bution.d

The following example illustrates how the above limit theorem does not distinguish
between population minima that are in the same equivalence class with respect to the

pseudo-metrig.

Example 5 Consider a two means problem on the plane. Suppose the underlying distri-
bution P is uniform over four points with the following Euclidean coordinatés:1, 1),

(1,1), (1,-1), (—1,—1). These points are vertices of a square centered at the origin. The
population within cluster sum of squarestigor partitions that put exactly three vertices

in one of the clusters, and it isfor partitions that put two adjacent vertices in one cluster
and the other two vertices in the other cluster. Hence there are two optimal population
configurations of centers, call thea andc” depending on wether the corresponding

split line is vertical or horizontal:

CV:{(_LO)v(lvO)} CH:{(Ov_l)v(Oal)}'

Figure 3.1 shows the four vertices of the square together with the two optimal pairs of

centers. The triangles correspond to the p&irand the empty circles correspondta
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Figure 3.1: Illustration to example 5

By the consistency result, the optimal sample ceriteconverge to the sdt", ¢} of
the population optima. Note thatc”, ¢?) is zero, because for each vertex of the square,
the distance to the closest pointdh is the same as the distance to the closest poieft in
Theorem 2 does not explain how the optimal sample centers decide which configuration
of the optimal population centers they want to be closer to. The proof showed that this
selection is governed by a minimization of the stochastic pro¢ess(z,a) : a € C},
whereC is the collection of population optima. For the example at hafid(z, ¢"') and
v2¢(z, c) are equal with probability one; the behavior of the optimal sample cebters
is controlled by lower order terms.

Write approximation (3.18) for the empirical criterion function nerandc". Note
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that no coordinate change is needed because the second derivativesafionsingular
at bothc andc”. The underlying distribution concentrates on a finite number of points,
hence the second derivative bf evaluated at its minima equals to the second derivative
of the bias-squared function; it is exactly the identity matrix in both cases. Minimize the
two quadratic approximations, and compare their minimum values. It follows that, up to
smaller order terms, the optimal sample sample centers choose to be clbsertenever
(P2n — Pan) (P1n — P3n) IS pOSItive. Here | Us@y,,, pon, P3n, @andpy,, to denote the empirical
probabilities assigned to the vertices of the square (the numeration starts from the top left
corner and continues in the clock-wise direction).

Note that the same result could have been obtained by simply comparing the sample
within cluster sum of squares of two partitions: the first splits the four vertices of the
square the same way as do the centérghorizontal split), the second splits the vertices

the same way as do the cente¥s(vertical split).
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Chapter 4

Nonlinear Least-Squares Estimation

4.1 Introduction

Consider the model where we obsegydori =1, ..., n with
yi = fi(0) + u; whered € ©. (4.1)

The unobserved; can be random or deterministic functions. The unobserved ewtors
are random with zero means and finite variances. The inde® seight be infinite di-
mensional. Later in the paper it will prove convenient to also consider triangular arrays of
observations.

Think of f(0) = (fi(0),..., f.(0)) andu = (uy,...,u,)" as points inR™. The
model specifies a surfackle = {f(f) : 6 € ©} in R*. The vector of observations
y = (y1,-..,yn) isarandom point ifR™. The least squares estimator (L§E)s defined

to minimize the distance af to Mg,

~

6, = argming ¢ |y — f(@)]2,
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where| - | denotes the usual Euclidean normRh. Many authors have considered the
behavior of§n asn — oo when they; are generated by the model for a fixgdn ©.

When thef; are deterministic, it is natural to express assertions about convergence
of 6,, in terms of then-dimensional Euclidean distaneg (01, 65) := | f(61) — f(62)]. For
example, Jennrich (1969) todk to be a compact subset B, the errors{u;} to be iid
with zero mean and finite variance, and tf¢o be continuous functions ihh He proved
strong consistency of the least squares estimator under the assumption'that , 6 )>
converges uniformly to a continuous function that is zero if and ondy ¥ 6,. He also
gave conditions for asymptotic normality.

Under similar assumptions Wu (1981, Theorem 1) proved that existence of a consistent

estimator forg, implies that

Kn(0) := Kn(0,0h) — 00 at eacht # 6,. 4.2)

If © is finite, the divergence (4.2) is also a sufficient condition for the existence of a
consistent estimator (Wu 1981, Theorem 2). His main consistency result (his Theorem 3)

may be reexpressed as a general convergence assertion.

Theorem 3 Suppose thd f;} are deterministic functions indexed by a subSetf R?.
Suppose also thatip, var(u;) < co andk,(6) — oo at eachd # 6,. LetS be a bounded
subset 0©\{6,} and letR,, := infycs x,,(0). Suppose there exist constaqts; } such

that
(i) supgeg |fi(0) — fi(60)] < L; for each;
(i) |f:(61) — fi(02)| < Ly|0, — 6] forall 6,,60, € S;
(i) >, Li = O(Ry) for somen < 4.
ThenIP’{@\n ¢ S eventually} = 1.
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Remark.  Assumption (i) impliesS_._ L? > k,(0)?> — oo for eachd in S,

i<n1

which forcesR,, — .

If © is compact and if for each # 6, there is a neighborhoaofl = S, satisfying the
conditions of the Lemma theﬁ — 6 almost surely.

Wu’s paper was the starting point for several authors. For example, both Lai (1994)
and Skouras (2000) generalized Wu’s consistency results by taking the funftiéons-
fi(0,w) as random processes indexeddbylhey took the{w;} as a martingale difference
sequence, with f;} a predictable sequence of functions with respect to a filtrgtigh.

Another line of development is typified by the work of Van de Geer (1990) and Van de
Geer and Wegkamp (1996). They togKd) = f(x;,0), whereF = {f, : ©} is a set
of deterministic functions and ther;, u;) are iid pairs. (In fact they identifiee with
the index setf.) Under a stronger assumption about the errors, they established rates of
convergence okn(gn) in terms of L? entropy conditions o, using empirical process
methods that were developed after Wu's work.

The stronger assumption was that the errors are uniformly subgaussian. In general, we
say that a random variablé” has a subgaussian distribution if there exists some finite
such that

Pexp(tW) < exp (%thz) forallt € R.

We write 7(17) for the smallest such. Van de Geer assumed thap, 7(u;) < oo.

Remark. Notice that we must havBWW = 0 whenW is subgaussian because
the linear term in the expansion Bfexp(¢tW) must vanish. Whe®W = 0, sub-
gaussianity is equivalent to existence of a finite constafior whichP{|WW| > z} <

2exp(—22/3?) forall z > 0.

In our paper we try to bring together the two lines of development. Our main mo-

tivation for working on nonlinear least squares was an example presented by Wu (1981,
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page 507). He noted that his consistency theorem has difficulties with a simple model,
fi(0) = Ni* ford = (\, u) € ©, a compact subset & x R*. (4.3)

For example, condition (4.2) does not hold #gr= (0, 0) at anyd with ¢ > 1/2. When
0o = (Mo, 1/2), Wu’s method fails in a more subtle way, but Van de Geer (1990)’s method
would work if the errors satisfied the subgaussian assumption. In Section 4.4, under only
second moment assumptions on the errors, we establish weak consistency and a central
limit theorem.

The main idea behind all the proofs—ours, as well as those of Wu and Van de Geer—is
quite simple. The LSE also minimizes the random function

Ga(0) =y — fO)F = [ul* = 1 (0)" — 22, (0)
(4.4)

whereZ,,(0) := ' f(68) — ' f(6o).
In particular,Gn(gn) < Gn(6o) = 0, that is,%nn@n)Q < Zn(gn). For every subsef of ©,
P{6, € S} <P{I0 € S: Z,(0) > 1kn(0)’} < 4Psup |Zn(9)|2/én£ kn(0)'.  (4.5)
0es €

The final bound calls for a maximal inequality faf,.
Our methods for controlling,, are similar in spirit to those of Van de Geer. Under her

subgaussian assumption, for every class of real funcignsé € ©}, the process

X(0) = Zign u;gi(0) (4.6)
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has subgaussian increments. Indeed(df;) < 7 for all i then

P(x00-x00) <X (a0~ a0 <o)~ g0

That s, the tails ofX' (0;) — X (6,) are controlled by the-dimensional Euclidean distance
between the vectorg ;) andg(6-). This property allowed her to invoke a chaining bound
(similar to our Theorem 4) for the tail probabilities @fp,. ¢ | Z,.(6)| for various annuli

S ={0:R<k,(0) <2R}.

Under the weaker second moment assumption on the errors, we apply symmetrization
arguments to transform to a problem involving a new proc&g¥) with conditionally
subgaussian increments. We avoid Van de Geer’s subgaussianity assumption at the cost
of extra Lipschitz conditions on thé(#), analogous to Assumption (i) of Theorem 3,
which lets us invoke chaining bounds for conditional second momenispgf s |27 (0)|
for variouss.

In Section 4.3 we prove a new consistency theorem (Theorem 5) and a new central limit
theorem (Theorem 6, generalizing Wu’'s Theorem 5) for nonlinear LSEs. More precisely,
our consistency theorem corresponds to an explicit bouriE{fm;(@n) > R}, but we state
the result in a form that makes comparison with Theorem 3 easier. Our Theorem does not
imply almost sure convergence, but our techniques could easily be adapted to that task.
We regard the consistency as a preliminary to the next level of asymptotics and not as an
end in itself. We describe the local asymptotic behavior with another approximation result,
Theorem 6, which can easily be transformed into a central limit theorem under a variety of
mild assumptions on thgu, } errors. For example, in Section 4.4 we apply the Theorem to

the model (4.3), to sharpen the consistency resulf at (1, 1/2) into the approximation

(W(Xn — 160 - 2@0) = LicatiCln + 0p(1) (*.7)

72



where/,, :=logn and

i =1 120,12 - ’

—6 24 i/,
The sum on the right-hand side of (4.7) is of ordgx1) whensup, var(u;) < oo. If the
{u;} are also identically distributed, the sum has a limiting multivariate normal distribu-

tion.

4.2 Maximal Inequalities

Assumption (ii) of Theorem 3 ensures that the incremént9, ) — Z,,(6) are controlled

by the ordinary Euclidean distance@n we allow for control by more general metrics. Wu
invoked a maximal inequality for sums of random continuous processes, a result derived
from a bound on the covering numbers fdp as a subset k" under the usual Euclidean

distance; we work with covering numbers for other metrics.

Definition 6 Let (7, d) be a metric space. The covering numbéfs, S, d) is defined as
the size of the smallestnet for S, that is, the smallestv for which there are points

t1,...,ty in T with min, d(s,t;) < § for everysin S.

Remark.  The definition is the same for a pseudometric space, that is, a space
whered(6,,02) = 0 need notimplyy; = 5. In fact, all results in our paper that refer
to metric spaces also apply to pseudometric spaces. The slightincrease in generality is

sometimes convenient when dealing with metrics define@/bgorms on functions.

Standard chaining arguments (see, for example, Pollard 1989), give maximal inequal-

ities for processes with subgaussian increments controlled by a metric on the index set.
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Theorem 4 Let{W, : t € T} be a stochastic process, indexed by a metric spdce),

with subgaussian increments. Btbe ad-net for7T. Suppose:

(i) thereis a constank” such thatr(W, — W;) < Kd(s,t) forall s,t € T}

(i) Js:= f05 p(N(y,S,d)) dy < oo, wherep(N) :=1/1 +log N.

Then there is a universal constantsuch that

1
oV Psup, [Wi[* < KJs + p(N(0,T, d)) maxser, 7(W).
1

Remark. We should perhaps work with outer expectations because, in general,
there is no guarantee that a supremum of uncountably many random variables is mea-
surable. For concrete examples, such as the one discussed in Section 4.4, measura-
bility can usually be established by routine separability arguments. Accordingly, we

will ignore the issue in this paper.

Under the assumption that vay) < o2, the X process from (4.6) need not have sub-
gaussian increments. However, it can be bounded in a stochastic sense by a symmetrized
processX°(0) := >, ciuigi(), where the2n random variables,, ..., e, us, ..., uy
are mutually independent with{¢; = +1} = 1/2 = P{¢; = —1}. In fact, for each

subsetS of the index se,
Psuppes ’X(9)|2 < 4Psupyeg |XO(9)|2- (4.8)

For a proof see, for example, van der Vaart and Wellner (1996, Lemma 2.3.1). The pro-

cessX° has conditionally subgaussian increments with

2

n () <X (a0 -aw) @9)
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The subscript: indicates the conditioning om.

Corollary 1 LetSs be ad-net forS and letX be asin (4.6). Suppose
(i) Pu; = 0andvar(y;) <c’fori=1,...,n
(i) there is a metriel for which J; := fo‘S p(N(y, S,d))dy < oo

(i) there are constantg,, ..., L, for which

|gz(91> — gz<92)‘ < L,d(@l, 92) for all - and all@l, 0, € S

(iv) there are constants, . .., b, for which|g;(#)| < b; for all  and all 6 in S.

Then there is a universal constantsuch that

Psup | Xy|? < 30® (LJs + Bp(N (3, S, d)))*
0esS

whereL := />, L?and B := /), b?.

Proof: From (4.9),

(X5, — X5,) < Lyd(6:,06-) whereL, := /> .. L?u?

i<ni1 %

and

Tu(Xg) < By = />, b?u?

i<nYi Wi

Apply Theorem 4 conditionally to the proce&s to boundP, sup,.¢ | X5|?. Then invoke
inequality (4.8), using the fact th&.2 < ¢2L? andPB? < ¢2B2. [J
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4.3 Limit Theorems

Inequality (4.5) and Corollary 1, with;(0) = f;(0) — f:(6y), give us some probabilistic

control overd,,.

Theorem 5 Let S be a subset 00 equipped with a pseudometrit Let {L; : ¢ =

1,...,n},{b;:i=1,...,n}, andé be positive constants such that
(|) |f1(91) — fl(eg)’ < de(ﬁl, 02) for all 01, 92 es
(i) |£i(0) — fi(By)| < b; forall o € S

(i) Js:=['p (N(y, S, d)) dy < 00

Then
2
P{0, € S} < 4c20” (Bp (N (6,5, d)) + LJ5> /R,

whereR := inf{x(0) : 0 € S},andL? = . L?, and B* := Y. b,

)

The Theorem becomes more versatile in its application if we partiiono a count-
able union of subsetS;, each equipped with its own pseudometric and Lipschitz con-
stants. We then ha\l@{gn € UiSk} smaller than a sum ovér of bounds analogous to
those in the Theorem. As shown in Section 4.4, this method works well for the Wu ex-
ample if we takeS, = {0 : Ry < k,(0) < Rpy1}, for an{R;} sequence increasing
geometrically.

A similar appeal to Corollary 1, with the (9) as partial derivatives of;(6) functions,
gives us enough local control over, to go beyond consistency. To accommodate the
application in Section 4.4, we change notation slightly by working with a triangular array:
for eachn,

Yin = fin(00) + Uin, fori=1,2,...,n,
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where the{u;, : ¢ = 1,...,n} are unobserved independent random variables with mean

zero and variance bounded b¥.

Theorem 6 Suppos@n — 6y in probability, withé, an interior point ofo, a subset oRP.

Suppose also:

(i) Each f;, is continuously differentiable in a neighborhoddof ¢, with derivatives

D, (0) = 8fm(6’)/89.
(i) 72 = Zign | Din(0o)|> — oo asn — oo.

(iii) There are constant§i/;,, } with > = O(+2) and a metricd onN for which

z<n

|Dzn(91) — Dm(eg)‘ < Mmd(Ql, 092) for 61, 92 € N.

(iv) The smallest eigenvalue of the matbix = .2 Zign D;n(00)Din(6p)" is bounded

away from zero for n large enough.
(V) fo ( (y, N, d)) dy < oo
(vi) d(0,6p) — 0asf — 6.

Thenk, (6,) = 0,(1) and

0B = 00) =D Entiin +0y(1) = Op(1).

whereg; ,, = v, 'V, 1Dy, (6p).

Proof:  Let D be thep x n matrix with ith columnD;,,(6,), so thaty? = trace(DD’)
andV,, = ~-2DD’. The main idea of the proof is to repla¢gé’) by f(6,) + D'(0 — 6y),

thereby approximatinén by the least-squares solution

0, =0y + (DD") ' Du = argmin |y — f(6p) — D'(0 — 6)|.

OcRP
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To simplify notation, assume with no loss of generality, thg,) = 0 andé, = 0. Also,
drop extran subscripts when the meaning is clear. The assertion of the Theorem is that
O = B0+ 0p(7, ).

Without loss of generality, suppose the smallest eigenvallé of larger than a fixed

constant? > 0. Then
72 = trace(DD’) > SUP|y< |D't)? > infjy < |D't)? = 22,
from which it follows that
colt] < |D't|/ym < |t forall t € RP. (4.10)
Similarly, P| Du|? = trace (DP(uu’)D’) < 0242, implying that| Du| = O,(~,) and
On =7,V ' Du = O3, ).
In particular,P{6,, € N} — 1, becausé, is an interior point o®. Note also that

P>, Gl < otrace(Y, ., &i€)) = otrace(V, ) < oc.

Consequently ;. &iu; = Op(1).

From the assumed consistency, we know that there is a sequence dNpallsN
that shrink to{0} for which P{6, € N,,} — 1. From (vi) and (v), it follows that both
rn = sup{d(6,0) : 8 € N,,} andJ,, = OTnp (N(y,N, d)) dy converge to zero as

n — oQ.
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Then x 1 remainder vectoR(6) := f(0) — D’ hasith component
1
R;(0) = f;(6) — D;(0)0 = 0’/ D;(t0) — D;(0) dt. (4.11)
0
Uniformly in the neighborhood,, we have
1/2
ROI<101( 0, 02) o= olloh)
which, together with the upper bound from inequality (4.10), implies
[F(0)1* = [D'OF + o(7;107) = O(zl01")  as|f] — 0. (4.12)
In the neighborhoodN,,, via (4.11) we also have,
RO) < Blsup.ex, |3, 0 (Do) - D)) |
From Corollary 1 withg;(¢) = D;(#) — D;(0) deduce that

Psup,cy, | Zi u; (Di(s) — D, (0)> < 2o J? Z

which implies

|u'R(6)| = 0,(7.]0]) uniformly for 6 € N,,. (4.13)
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Approximations (4.12) and (4.13) give us uniform approximations for the criterion

functions in the shrinking neighborhoodi,:

Gu(0) = |u— f(O)F — [ul*
= —2u'f(0) + |£(0)"

= —2U' D0+ | DO + 0,(1,10]) + 0,(1210]?)

(4.14)

= |u—DOul* = [ul” + [D'(0 = 0a)I* + 0p(7al0]) + 05 (3716]).

The uniform smallness of the remainder terms lets us approxitiatet random points
that are known to lie ifN,,.
The rest of the argument is similar to that of Chernoff (1954). V\iﬁ,ee N,, we have

G,(6,) < G,(0), implying

D' (0 = 00) [ + 0p(vl0n]) + 0p(1210.[*) < | DG,
Invoke (4.10) again, simplifying the last approximation to

s 8l < O1) + 0y (Pl + 1)

It follows that|8,,| = O,(y;!) and, via (4.12),

We may also assume thiat, shrinks slowly enough to ensure tﬁ%@n eN,} — L
When bothg,, andd, lie in N, the inequalityG,,(6,,) < G, (d,) and approximation (4.14)
give

D8, — 8)[* + 0,(1) < 0,(1).
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It follows thatd,, = 8, + 0,(y; ). O

Remark. If the errors are iid andnax[;,,| = o(1) then the distribution of

S i<nimtiin is asymptoticallyN (0, 52V, 1).

4.4 Analysis of Model (4.3): Wu’'s Example

The results in this section illustrate the work of our limit theorems in a particular case
where Wu’s method fails. We prove both consistency and a central limit theorem for the
model (4.3) withdy = (Ao, 1/2). In fact, without loss of generalityy, = 1.

As before, let/,, = logn. Remembep = (\, 1) with e € R and0 < ¢ < C, for a
finite constant”, greater tharl /2, which ensures th#, = (1, 1/2) is an interior point of
the parameter space. Taking = 1/2 would complicate the central limit theorem only

slightly. The behavior oﬁn is determined by the behavior of the function

Gn(v) = Zigni_H_v fory <1,

or its standardized version

8) 1= Gu(916)/Go0) = S, (721G 0)) e (981,

which is the moment generating function of the probability distribution that puts mass
i~t/G,(0) ate; /¢, fori =1,... n. For largen, the functiong, is well approximated by

the increasing, nonnegative function

(" =1)/B for3#0
9(B) = :
1 forg=0
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the moment generating function of the uniform distribution(énl). More precisely,

comparison of the sum with the integrflf =1 dz gives

Gn(v) =Llag(yln) +10(7) with 0 < r,(v) < 1fory < 1. (4.15)

The distributions corresponding to bathandg are concentrated df, 1]. Both func-

tions have the properties described in the following lemma.

Lemma 10 Supposé(vy) = P exp(yx), the moment generating function of a probability

distribution concentrated of), 1]. Then

() log h is convex

(i) h(vy)*/h(2v) is unimodal: increasing foty < 0, decreasing fory > 0, achieving its

maximum value of aty = 0

(iii) 7'(7) < h(v)

Proof:  Assertion (i) is just the well known fact that the logarithm of a moment generat-
ing function is convex. Thus’/h, the derivative ofog h, is an increasing function, which

implies (ii) because

Ao (PPN _ M) W (2Y)
lg(h@w) 0 B

dry
Property (iii) comes from the representatitify) = P (:ce”’). O

Remark. Direct calculation shows thgt~y)?/g(27) is a symmetric function.

Reparametrize by putting = (1 — 2u)¢,, with (1 — 2C,)¢, < § < ¢, anda =

M/ Gn(8/L,). Notice that| f(6)| = |a| and thatd, corresponds to, = /G,,(0) ~ v/,

andj, = 0. Also

£i(0) = av;(B/6,)  where (7)== i exp(y£i/2)/v/Gn(7),
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and

Kn(0)* = G, (0) (vgn(ﬁ) —2\gn(8/2) + 1) . (4.16)

We definey; := sup. ., v;(7).
Lemma 11 For all (a, 3) corresponding t@ = (), ) € R x [0,C,:

(i) #n(0) = V/Gn(0) < |a] < ka(0) + /Gn(0)

(i) Y2 =0 (log log n)

(ii)y [dvi(8/€,)/dB| < Svi(B/22)

) 1flan, ) = oz, 51 < Jos = cal + ol - 2l )

(V) [£:(0) = £i(80)] <72 + |alv;

Proof: Inequalities (i) and (v) follow from the triangle inequality.
For inequality (ii), first note that? < 1. Fori > 2, separate out contributions from

three ranges:

V?:max< sup Vi(’7)2, sup Vi(y)Q, sup Vi(’)/)2>.
1>vy21/tn [v[<1/tn y<=1/tn

For~ > 1/¢,, invoke (4.15) to get a tractable upper bound:

exp | log~y + ~vlog(i/n
exp(14) » p< g7y + vlog(i/ ))

2 _ —10xXp(76)
exp(vl,) —1 — 1—e!

V; S 7 S i_l
% lng(ven) !

The last expression achieves its maximum gvef,,, 1] at

1/log(n/i) if1<i<nje
Yo = )
1 if n/fe<i<n
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which gives

sup  v4(7)
1>y>1/0y, n

b oy (1A

n

) whereH (x) :=1/ (z log(l/x)) :
(4.17)
Similarly, if —1 < ~¢,, <1,

2 o exp(Vli) _ exp(li/tn) _ e/g(=1)
WO S a8 S g (-l = il

The last term is smaller than a constant multiple of the bound from (4.17). Finally, if

—y =4 >1/¢, andi > 2 then

otot) (W) oo

()2 < il
vily)” < 51 —exp(—dl,) — ’ 1—e! W;

In summary, for some universal constént

V?SCmaX(n_lH<Z/\(n/e)) 1 ) if 2<i<n.

n "ilogi

Bounding sums by integrals we thus have

n 1/e n -1
C_lzufg H(x)dx+H(1/e)/n+/ (azlogw) dx:O(loglogn).
=9 1/n 2

For (iii) note that

2 L(3/ta) = 2o e (3600 (Gn(O)gn(ﬁ))_l/z = (7 - 20 o).

which is bounded in absolute value by 5) becaus® < ¢/ (3) < gn(0).
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For (iv)
|[filan, B1) = filaa, Bo)| - < [(en = ca)wi(Br/Cn)| + |l [vi(B1 ) €n) — vi(B2/ )]
< [(ar — ag)|v; + |aal|(Br — 52)‘%%7
the bound for the second term coming from the mean-value theorem andi(iii).

Lemma 12 For e > 0, let N, = {# : max (])\ -1, ]ﬁ|> > e. If e is small enough, there

exists a constan®’. > 0 such thatnf{x, (0) : ¢ N.} > C.\/!, whenn is large enough.

Proof:  Suppos€fj| > e¢. Remember that/,(0) > /¢,. Minimize over\ the lower

bound (4.16) for,, (0)? by choosing\ = ¢,,(5/2)/g.(53), then invoke Lemma 10(ii).

gn<5/2>2
by gn(ﬁ)

21—max<

9n(€/2) gn(—6/2)2) o 9le/2)?

e T

If | 3] < e ande is small enough to mak@ — ¢)e/? < 1 < (1 + €)e™/?, use

kn(0)? =3 i ! ()\ exp(B;/20,) — 1)2.

If A > 1+ ¢ bound each summand from below by ((1 + €)e=/2 —1)2. If A < 1 —¢

bound each summand from below by (1 — (1 — €)e/2)2. O

4.4.1 Consistency
On the annulus$’y := {R < k,(0) < 2R} we have
la] < Kgr:=2R++/G,(0)
| fi(01) — fi(62)] < Kgrvidg(61,0-)

wheredg(6:,05) = a1 — as|/Kr + 5|61 — (2]

1£i(0) — fi(6o)] < bi:=i"Y?+ Kpu;.
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Note that
2
Zz‘gn <z'_1/2 + KRVZ) = O(l, + Kxlogl,) = O(KzL,) wherel,, := loglogn.

The rectangle{|a| < K, |3] < ¢/} can be partitioned int®(y~'¢,/y) subrect-
angles ofdx-diameter at mosy. ThusN(y, Sg,dr) < Col,/y* for a constantC, that

depends only od’,, which gives
1
0
Apply Theorem 5 withy = 1 to conclude that
P{6, € Sp} < C1K2L2/R* < Co(R2 + €,)L2 /R
PutR = C32%(¢,L2)'/4 then sum ovek to deduce that
P{kn(6,) > C5(6,L2)*} < e eventually
if the constant’ is large enough. That is, (6,,) = O, ((&LL%)W‘) and, via Lemma 12,
Ao =1l =0,(1)  and 20,7, — o] = 3] = 0,(1).
4.4.2 Central Limit Theorem
This time work with the(\, 3) reparametrization, with

fz(/\>ﬂ) _ )\Z'—l/2+ﬁ/24n
Di(A, B)' = (‘”igiﬂ), ) = (1/%/%) fi(A5)
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andfy, = (Mo, Bp) = (1,0). Taked as the usual two-dimensional Euclidean distance in
the (), 5) space. For simplicity of notation, we omit somesubscripts, even though the
relationship betweeé and (), 5) changes with.

We have just shown that the LS{@R, Bn) is consistent.

Comparison of sums with analogous integrals gives the approximations
S T =2 p+r,  with || < 1forp=0,1,2,.... (4.18)
In consequence,
M= P00 B)P =D i (14 6/46) = 3+ O(1)

and

1 4;/20, 12 3
V=725 it =V +0(1/¢,)  whereV =L

- 0i)20, (2]402 3 1
The smaller eigenvalue df, converges to the smaller eigenvalue of the positive definite
matrix V', which is strictly positive.

Within the neighborhoo®, := {max (]/\ -1, \ﬁ\) < ¢}, for a fixede < 1/2, both

|f;(\, 8)] and|D; (), 3)| are bounded by a multiple of /2. Thus
[£i(02)] + 3| £i(62) — fi(02)] < CeiV/?d(61, 65).

1D;(61) — Di(61)] < |A\7" = A5t

That is, we may takd/; as a multiple of ~'/2, which gives) ", M? = O((,,).

All the conditions of Theorem 6 are satisfied. We have
V(e = 1,3,) = 250 i V20,12(1,0,/20,)V 1 + 0,(1).
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Appendix A

Some Empirical Process Tools

Denote thel»(P) norm by]|| - 2. The following theorem adapts several general results in
empirical process theory to handle a particular class of functions that appears throughout

this thesis.

Theorem 7 Let F be a class of functions that are definedRfhand take values ifR? .
Let N be an integer. Suppose that each functioffican be written as a sum of at mast

members of the clagswith the following properties:

e There exists a functiof, such thatPG? < oo and|g| < G for everyg in G.

e Every function irg is of the formL(Q, whereL is a linear function and) is a convex

region expressible as an intersection of at m§sbpen or closed half spaces.
Then

(i) Class¥ is Glivenko-Cantelli, i.e.

sup [P f — Pf| — 0
feF

almost surely.
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(i) There exists a constant, such that

Psup |v,f|*> < C
fesF

for all n.
(i) Empirical procesqv, f : f € F} is stochastically equicontinuoust zero, i.e. for

everye > 0 andn > 0 there exists & > 0 for which

limsup P{sup [v,,(f — g)| > n} <,
n 1]

where[d] = {(f.9): f,g€F and |[|f —gll» <d}.

(iv) ClassT satisfies the functional central limit theorem, i.e.

{nf feTFy~{Y(f): feT}

as random elements of the space of all bouri&evalued functions off equipped
with the uniform norm. The limit process has joint normal finite-dimensional

distributions with zero means and covariance matrix

PY(f)Y(g)' = P(fg) — (Pf)(Pg)"

Each sample path df is bounded and uniformly continuous with respect tofthe

seminorm or¥.

See, for example, Pollard (1984) or van der Vaart and Wellner (1996) for proofs of state-

ments (i), (i), and (iv). A proof of statement (ii) is given in Pollard (1989).
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